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ABSTRACT:- In this paper, we study several properties of fuzzy compactness due to C. L. Chang in fuzzy
topological spaces and obtain its several other features.
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l. INTRODUCTION
The concept of fuzzy sets and fuzzy set operations was first introduced by L. A. Zadeh[7] to provide a
natural frame work for generalizing many of the concepts of general topology which has useful application in
various fields in mathematics. C. L. Chang[2] developed the theory of fuzzy compactness was also studied in this
paper. The purpose of this paper is to study this concept in more detail and to obtain several other properties.
1.1. Definition[7] : Let X be a non-empty set and | is the closed unit interval [0, 1]. A fuzzy set in X is a function

U : X — | which assigns to every element X € X . u(x) denotes a degree or the grade of membership of x. The
set of all fuzzy sets in X is denoted by | X . Amember of |* may also be a called fuzzy subset of X .

1.2. Definition[7]: The union and intersection of fuzzy sets are denoted by the symbols U and M respectively and
defined by

wu, =max{u; (x):ieJ and xe X}

AU, =min{u, (x) :i e J and x € X}, where J isan index set .

1.3. Definition[2] : Let u and v be two fuzzy sets in X. Then we define

u=viffu(x) =v(x) forall xe X

(iDucviff u(x) <v(x) forall xe X

@ii) A =uwviff A(xX) =(uuv)(x) = maxfu(x),v(x)] forall x e X

(iv) g =unviff z(x) = (unv)(x) =min[u(x), v(x)] forall x e X

(V) y=u®iff y(x)=1—u(x) for all xe X .

1.4. Distributive laws[7]: Distributive laws remain valid for fuzzy sets in X i.e. if u, v and w are fuzzy sets in X,
then

Huu(vnw) = (uuv)Nn(uuw)
(i) un(vouw) = (unv)u(uNnw)
1.5. Definition[2]: Let X be a non-empty setand t < | X j.e. tis a collection of fuzzy set in X. Then T is called a

fuzzy topology on X if
()0,1et
(ii)u, et for eachie J, then | Ju, et

@iiu,vet, thenunvet

The pair ( X,t ) is called a fuzzy topological space and in short, fts. Every member of t is called a t-open

fuzzy set. A fuzzy set is t-closed iff its complements is t-open. In the sequel, when no confusion is likely to arise, we
shall call a t-open (t-closed ) fuzzy set simply an open ( closed ) fuzzy set .
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1.6. Definition[2]: Let (X 1t ) and (Y 'S ) be two fuzzy topological spaces. A mapping
f:(X,t)—>(Y,s)iscalled fuzzy continuous iff the inverse of each s-open fuzzy set is t-open.

1.7.  Definition[6]:  Let (X 1t ) be an fts and Ac X. Then the collection
t,={u|A:uet}={unA:u et} isfuzzy topology on A, called the subspace fuzzy topology on A and

the pair ( A,tA) is referred to as a fuzzy subspace of ( X,t ) .

1.8. Definition[2] : A family F of fuzzy sets is a cover of a fuzzy set u iff U C U{ui ‘U, ek }. Itis an open

cover iff each member of F is an open fuzzy set. A subcover of F is a subfamily of F which is also a cover .
1.9. Definition[2] : An fts ( X,t ) is compact iff each open cover has a finite subcover.

1.10. Definition[1]: Let (X , T) be a topological space. A function f : X — R (with usual topology ) is
called lower semi-continuous (I.s.c.) if for each a € R, the set f (a, o) eT.Foratopology T on a set X
, let @(T) be the set of all 1 . s . c. functions from (X ,T) to I ( with usual topology ); thus

o(T)={uel”:u*(a,1]eT ,ael,} Itcanbeshownthat @(T) isa fuzzy topology on X.
Let P be a property of topological spaces and FP be its fuzzy topology analogue. Then FP is called a  good
extension’ of P « iff the statement (X , T) has P iff (X , @(T)) has FP” holds good for every topological

space (X , T). Thus characteristic functions are | . s. c.

1. CHARACTERIZATIONS OF FUZZY COMPACTNESS.
Now we obtain some tangible properties of fuzzy compactness.

2.1. Theorem : Let (X ,t) beanftsand A< X .If (X , t) is compact and A is closed, then (A, t,) is
compact subspace of (X , t).

Proof : Let M ={u; :i€J} be an open cover of (A, t,). Then AgLJ{ui :1eJ}. Then by
definition of subspace fuzzy topology, there exist Vv, €t such that U, = ANV,. Therefore
Ac LJ{Ui ied} = LJ{AF\Vi :ieJ} implies that Ac AN[W{v,:ieJ}]. Hence
Ac LJ{Vi ;i eJ} and we see that {v, :1 € J } isan open cover of A. Now, X = A" UA. Therefore
X =A"U[U{v,:ieJ}]. Since A is closed, it follows that A° is open. Then the family
H={A°,{v,:ieJ}} isan open cover of X. As (X , t) is compact and A and A°® are disjoint, so we

can exclude A° from this cover. Then there exist Vi,V , ... Vi €{v;} such that
n n
Ac U{Vik k=1,2,......... , N} . Therefore Ac AN| U{Vik}] .So Ac U{Amvik} implies that
k=1 k=1
n
Ac U{uik} . It follows that {u; :k=1,2, .. , N} is a finite subcover of M. Hence (A, t,) is
k=1
compact.

2.2. Definition[3]: Let (A,t,) and (B, ) be fuzzy subspaces of fis’s ( X ,t ) and (Y, S ) respectively and f
is a mapping from (X,t) to (Y,S), then we say that f is a mapping from (A,tA) to (B,SB) if
f(A)cB.

2.3. Definition [3]: Let (A,t,) and (B,Sg) be fuzzy subspaces of fis’s ( X ,t) and (Y,S) respectively.
Then a mapping T : (A,t,) > (B,Sg) is relatively fuzzy continuous iff for each vV € S, , the intersection
frv)nAet,.
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2.4. Theorem : Let (A,tA) and (B,SB) be fuzzy subspaces of fts’s (X ,t) and (Y ,S) respectively with

(A,tA) is compact. Let f : (A,t,) = (B,Sy) be relatively fuzzy continuous surjection. Then (B,SB) is
compact.

Proof : Let Vv, €S, for each i€ J and assume that Uvi =1. Then there exist U; € S such that
iel
V,=U, N"B. For each Xxe X, the inverse Uf"l(vi) (x) = LJf"l(ui NB)(x) =
iel iel

LJ(Ui N B)f(x) =1 So t,- open fuzzy sets f ' (u;, "B) for each i € J is cover of A. Since A is

n

compact, then for finitely many indices I, , I, , ........ , 1, € J such that U f (uij M B) =1. Again, let v
j=1

be any fuzzy set in B, the fact that f is a surjection mapping onto B implies that, for any Yy € B, we have

f(F2(v)(y)=sup{fr(v)(2):ze F2(y)}=sup{v(f(2)): f(z)=y}=sup{v(y)}
= v(y). Thus f(fﬁl(v)):V.Hencelz f(1) = f(Lanl(uij F\B)J = Uf(f’l(uiij)):

j=1 j=1
n
LJ(Uij N B ). Thus (B,sg) is compact.
j=1
2.5. Definition[4] : An fts (X , t) is said to be fuzzy Hausdorff or fuzzy - T, iff forall X, y € X, X # y,
thereexist U, V et suchthat u(x) =1, v(y)=landucl-v.

2.6. Theorem : Let ( X, t ) be a fuzzy Hausdorff space and A be a compact subset of ( X,t ) Suppose X € A® |
then there exist U, V et suchthat u(x) =1, Ac v (0,1]andu c1— V.

Proof : Let y € A. Since X & A (X € A®), then clearly X # y. As ( X ,t) is fuzzy Hausdorff , then there
exist U, , Vv, et such that U, (x) =1, v, (y)=21and U, c1-V, . Hence AcC U{Vy 'yeAl}ie

{Vy Yy € A} is an open cover of A. Since A is compact, then there exist Vi,V V€ {Vy }such

gy 1 esens
that Agvluv Y v, . Now, let V=V, UV, U ... WAY, and
u=u, NU, M. MUy . Thus we see that v and u are open fuzzy sets, as they are the union and finite
intersection of open fuzzy sets respectively i.e. V, U €t. Furthermore, A vt (0,1] and u(x) =1, since
each U, (x) =1 for eachi.

Finally, we have to showthat U <1 —V.As U, < 1—V, impliesu 1V, .Since u, (X) <1-v (X)
for all i, then UcC1—V. If not, there exists X & X such that U, (X)<1-Vv(X). We have
u,(x)<u, (x) for all i. Then for some i,u, (X)<1-v, (X). But this is a contradictio( as
u, (x) <1-v, (x) foralli. Hence U €1 V.

2.7. Theorem : Let ( X,t ) be a fuzzy Hausdorff space and A , B be disjoint compact subsets of ( X,t ) Then
thereexist U, Vet suchthat Acu™(0,1], Bcv™'(0,1]anducl—v.

Proof : Let Y€ A. Then Y ¢ B, as A and B are disjoint. Since B is compact, then by ( 2.7 ), there exist
u,,V, €tsuch thatu, (y)=1, Bgvgl(O,l] and U, < 1-Vv .Since yeu,, then{u, :ye A}
is an open cover of A. As A is compact , then there exist U, , U

,u, e{u,} such that

Yo P T Yn
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Acu  JUy U wu, . Furthermore , B < Vy, NV, N, NV, , as B c v, for each i. Now, let

U=u, UU, U ... VU, and V=V, NV, N ... MV, . Thusweseethat A< u™ (0, 1] and

B c vt (0, 1]. Hence u and v are open fuzzy sets, as they are the union and finite intersection of open fuzzy
sets respectivelyie. U,V et.

Finally, we have to show that U< 1— V. First, we observe that u, < 1- vy for each i, implies that
u, < 1—v foreachianditisclearthat u c1—V.

2.8. Theorem : Let A be a compact subset of a fuzzy Hausdorff space ( X, t ) Then Ais closed.

Proof : Let X € A°. We have to show that there exists U € t such thatu(x) =1and U < A’ , where AP isthe
characteristic function of A°. Now, let y € A, then there exist U, , v, € t suchthat u, (x) =1, v, (y) =1

and U, < 1— Vv, .Thusweseethat A U{Vy :yeA}ie {v, :y e A} isan open cover of A. Since A is

compact, so it has a finite subcover , say Vo Vo b e V€ {Vy} such that A vy, WUV U v,
Again , let  U=U, NU, M. MU, . Hence we observe that U(x)=1 and
un (v, UV, U UV, )= 0. For each Z € A, it is clear that U{Vyk}(z) =1 (1<k <n). Thus

u(z) =0 andhence u < AP . Therefore, A® isopen and so A is closed.

2.9. Definition[1] : An fts (X , t) is said to be fuzzy regular iff for each X € X and U € t° with u(x) =0,
thereexist Vv, We t suchthat v(X) =1, ucwandvcl—w.

2.10. Theorem : Let ( X , t) be a fuzzy regular space and A be a compact subset of ( X , t). Suppose X € A
and U € t° with U(X) = 0. Then there exist v, W e t such that v(X) =1, ucw, Ac v (0,1] and
vcl-w.

Proof : Suppose X € A and U € t® we have U(X) = 0. Since (X ,t) is fuzzy regular, then there exist
vV, ,W, €t such that v, (x) =1, u,cw, and Vv, c1—w,. Hence AgLJ{VX :Xx e A} e
{v,:xe A} is an open cover of A. Since A is compact, so it has a finite subcover, say

Vi s Vo s e Vv, €{v, } such that AcV, UV, U . UV Now, let

X, -
V=V, UV, U... UV, and W=W, "W, M ... MW, . Thus we see that v and w are open fuzzy
sets, as they are the union and finite intersection of open fuzzy sets respectively i.e. V, W € t. Furthermore,
ucw, Acv'(0,1]andv(x)=1.
Finally, we have to show that V< 1 — w. As v, < 1—w, for each iimplies that v, <1 — w for each i and
itisclearthat v <1 — w.
2.11. Theorem : Let (X , t) be a fuzzy regular space and A , B be disjoint compact subsets of (X , t). For
each X € X and U et® with u(x) =0, there exist v, wet such that v(x) =1, Acv™'(0,1],
Bcw'(0,]]andvcl—w.

Proof : Suppose for each X € X and U € t® we have U(X) = 0. Let X € A.Then X ¢ B, as Aand
B are disjoint. Since B is compact then by ( 2.11 ) , there exist V, , W, €t such that v, (X) =1,
Bcw, (0,1] and v, =1—w,. Since vV, (X) =1, then {v, : X € A} is an open cover of A. As A is

compact, so it has a finite subcover, say Vi 1 Vi, o e » Vg e{v,} such that

Www.irjes.com 26 | Page



Certain Properties of Fuzzy Compact Spaces

Acv, UV, U ... .UV, . Furthermore, B < w, nw, M ... Nw, ,as B < w, for each i. Now,

let V=V, UV, U .ceeen, UV, and W=W, "W, M ... MW, . Thus we see that Ac v (0,1],
1 2 1 2 n

Xn
B c w (0, 1]. Hence v and w are open fuzzy sets, as they are the union and finite intersection of open fuzzy
sets respectivelyie. Vv, wet.

Finally, we have to showthat V. < 1 — W. As Vv, < 1- w, for each i, we have v, < 1 — w for each
i
and itisthen clear that v < 1 — w.
2.12. Theorem : A topological space (X , T) is compactiff (X , @(T)) is fuzzy compact.
Proof : Suppose (X ,T) is compact. Let {u, :i€J } be an open cover of (X ,®(T)) ie
X = U{ui ‘U, €ew(T)}. Then u;*(a,1] €T and {u;*(a,1]:u;*(a,1] T } is an open cover

ield

of (X, T).Since (X ,T) iscompact, so it has a finite subcover, say uill (a,1]1€eT (1<k <n) such
that X :uizl(a,l]u u;l(a,l]u ......... W, ui;l(a,l]. Now, we can write
X=U VU U .. U u;and it is seen that {u; } (1 <k <n)is afinite subcover of {u; :ieJ }.
Thus (X , @(T)) is fuzzy compact.

Conversely, suppose that (X , @(T)) is fuzzy compact. Let {V; : j € J } be an open cover of
(X,T)ie X = UJ{V’ rjed}.sincel, arel.s.cthenl, e @(T) and {ZI.\,J 'l cew(T)}is

Je

an open cover of (X , @(T)) . Since (X , @w(T)) is fuzzy compact, so it has a finite subcover, say
i, ‘4, ca(T)} (1<k<n) such thatX L, vl ... U1, Now, we can write

X=V, UV, U... UV, and it is seen that {V; } (1<k<n) is a finite subcover of

{V;:1ed } Thus (X, T) iscompact.
We hope to study certain other properties of this concept in our next work.
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