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ABSTRACT:- In this paper, we study several properties of fuzzy compactness due to C. L. Chang in fuzzy 

topological spaces and obtain its several other features.  
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I. INTRODUCTION 
 The concept of fuzzy sets and fuzzy set operations was first introduced by L. A. Zadeh[7] to provide a 

natural frame work for generalizing many of the concepts of general topology which has useful application in 

various fields in mathematics. C. L. Chang[2] developed the theory of fuzzy compactness was also studied in this 

paper. The purpose of this paper is to study this concept in more detail and to obtain several other properties.       

1.1. Definition[7] :  Let X be a non-empty set and I is the closed unit interval [0, 1]. A fuzzy set in X is a function 

IXu : which assigns to every element Xx  . u(x) denotes a degree or the grade of membership of x. The 

set of all fuzzy sets in X is denoted by 
XI . A member of 

XI  may also be a called fuzzy subset of X . 

1.2. Definition[7]: The union and intersection of fuzzy sets are denoted by the symbols  and   respectively and 

defined by 

}:)({max XxandJixuu ii   

}:)({min XxandJixuu ii  , where J  is an index set . 

1.3. Definition[2] : Let u and v be two fuzzy sets in X. Then we define 

Xxallforxvxuiffvui  )()()(  

Xxallforxvxuiffvuii  )()()(  

Xxallforxvxuxvuxiffvuiii  ])(),([max)()()()(   

Xxallforxvxuxvuxiffvuiv  ])(),([min)()()()(   

Xxallforxuxiffuv c  )(1)()(  .  

1.4. Distributive laws[7]:  Distributive laws remain valid for fuzzy sets in X i.e. if u , v and w are fuzzy sets in X , 

then 

)()()()( wuvuwvui   

)()()()( wuvuwvuii    

1.5. Definition[2]:  Let X be a non-empty set and 
XIt   i.e. t is a collection of fuzzy set in X. Then T is called a 

fuzzy topology on X if  

ti 1,0)(  

tuthenJieachfortuii
i

ii  ,)(  

tvuthentvuiii  ,,)(  

The pair  tX ,  is called a fuzzy topological space and in short, fts. Every member of t is called a t-open 

fuzzy set. A fuzzy set is t-closed iff its complements is t-open. In the sequel, when no confusion is likely to arise, we 

shall call a t-open ( t-closed ) fuzzy set simply an open ( closed ) fuzzy set . 
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1.6. Definition[2]: Let  tX ,  and  sY ,  be two fuzzy topological spaces. A mapping 

   sYtXf ,,:  is called  fuzzy continuous iff the inverse of each s-open fuzzy set is t-open. 

1.7. Definition[6]: Let  tX ,  be an fts and  XA  . Then the collection 

}:{}:|{ tuAutuAutA   is fuzzy topology on A, called the subspace fuzzy topology on A and 

the pair  AtA ,  is referred to as a fuzzy subspace of  tX ,  . 

1.8. Definition[2] :  A family F of fuzzy sets is a cover of a fuzzy set u iff }:{ Fuuu ii  . It is an open 

cover iff each member of F is an open fuzzy set. A subcover of F is a subfamily of F which is also a cover . 

1.9. Definition[2] :  An fts  tX ,  is compact iff each open cover has a finite subcover. 

1.10. Definition[1]:  Let ),( TX  be a topological space. A function Xf : R  ( with  usual topology ) is 

called lower semi-continuous ( l . s . c. ) if for each a  R , the set Taf  ),(1
. For a topology T on a set X 

,  let )(T  be the set of all l . s . c. functions from  ),( TX  to I ( with usual topology ); thus 

},]1,(:{)( 1

1 IaTauIuT X   . It can be shown that  )(T  is a fuzzy topology on X. 

      Let P be a property of topological spaces and FP be its fuzzy topology analogue. Then FP is called a „ good 

extension‟ of P “ iff the statement  ),( TX  has P iff ))(,( TX  has FP”   holds good for every topological 

space   ),( TX .  Thus characteristic functions are l . s. c.  

 

II. CHARACTERIZATIONS OF FUZZY COMPACTNESS. 
Now we obtain some tangible properties of  fuzzy compactness. 

2.1. Theorem  : Let ),( tX  be an fts and XA  . If ),( tX  is compact and A is closed, then ),( AtA  is 

compact subspace of ),( tX . 

Proof  : Let }:{ JiuM i   be an open cover of ),( AtA . Then }:{ JiuA i  . Then by 

definition of subspace fuzzy topology, there exist tvi   such that ii vAu  . Therefore 

}:{ JiuA i   =   }:{ JivA i   implies that ]}:{[ JivAA i   . Hence 

}:{ JivA i   and we see that }:{ Jivi   is an open cover of A. Now, AAX c  . Therefore 

]}:{[ JivAX i

c  . Since A is closed, it follows that 
cA  is open. Then the family 

}}:{,{ JivAH i

c   is an open cover of X. As ),( tX  is compact and A and 
cA  are disjoint, so we 

can exclude 
cA  from this cover. Then there exist }{,.....,,

21 iiii vvvv
n
  such that 

},..........,2,1:{ nkvA
ki

 . Therefore ]}{[
1


n

k

ik
vAA



 . So 
n

k

ik
vAA

1

}{


  implies that 


n

k

ik
uA

1

}{


  . It follows that },.......,2,1:{ nku
ki

  is a finite subcover of M. Hence ),( AtA  is 

compact.   

2.2. Definition[3]:  Let  AtA ,  and  BsB ,  be fuzzy subspaces of fts‟s  tX ,  and  sY ,  respectively and f 

is a mapping from  tX ,  to  sY , , then we say that f is a mapping from  AtA ,  to  BsB ,  if 

BAf )( . 

2.3. Definition [3]: Let  AtA ,  and  BsB ,  be fuzzy subspaces of fts‟s  tX ,  and  sY ,  respectively. 

Then a mapping ),(),(: BA sBtAf   is relatively fuzzy continuous iff for each Bsv   , the intersection 

AtAvf  )(1
.  
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2.4. Theorem : Let  AtA ,  and  BsB ,  be fuzzy subspaces of fts‟s  tX ,  and  sY ,  respectively with 

 AtA ,  is compact. Let ),(),(: BA sBtAf   be relatively fuzzy continuous surjection. Then  BsB ,  is 

compact.  

Proof : Let Bi sv   for each Ji   and assume that 1



Ji

iv . Then there exist sui   such that 

Buv ii  . For each Xx  , the inverse )()(1 xvf i

Ji





= )()(1 xBuf i

Ji




  = 

)()( xfBui  = 1. So At - open fuzzy sets )(1 Buf i 


 for each Ji   is cover of A. Since A is 

compact, then for finitely many indices Jiii n ,........,, 21  such that 1)(
1

1 


 Buf
ji

n

j

 . Again, let v 

be any fuzzy set in B, the fact that f is a surjection mapping onto B implies that, for any By  , we have 

  )()(1 yvff 
= })(:)()({sup 11 yfzzvf    =   })(:)({sup yzfzfv   = })({sup yv  

= )( yv . Thus   vvff  )(1
. Hence 1 = )1(f  = 


















 )(
1

1 Buff
ji

n

j

  =  
n

j

i Buff
j

1

1 )(


   = 

)(
1

Bu
n

j

i j




 . Thus  BsB ,  is  compact.   

2.5. Definition[4] :  An fts ),( tX  is said to be fuzzy Hausdorff or fuzzy - 2T  iff for all Xyx , , yx  , 

there exist tvu ,  such that 1)( xu ,  1)( yv  and vu  1 . 

2.6. Theorem : Let  tX ,  be a fuzzy Hausdorff space and A be a compact subset of  tX , . Suppose 
cAx   , 

then there exist tvu ,  such that 1)( xu , ]1,0(1 vA  and .1 vu   

Proof  : Let Ay  . Since )( cAxAx  , then clearly yx  . As  tX ,  is fuzzy Hausdorff , then there 

exist tvu yy ,  such that 1)( xu y , 1)( yv y  and yy vu  1 . Hence }:{ AyvA y   i.e. 

}:{ Ayv y   is an open cover of A. Since A is compact, then there exist }{,.......,,
21 yyyy vvvv

n
 such 

that 
nyyy vvvA  .......

21
. Now, let 

nyyy vvvv  .........
21

 and 

nyyy uuuu  .......
21

. Thus we see that v and u are open fuzzy sets, as they are the union and finite 

intersection of open fuzzy sets respectively i.e. tuv , . Furthermore, ]1,0(1 vA  and 1)( xu , since 

each 1)( xu
iy  for each i. 

Finally, we have to show that vu  1 . As  yy vu  1  implies yvu  1 . Since )(1)( xvxu
ii yy   

for all i, then vu  1 . If not, there exists Xx   such that )(1)( xvxu y  . We have 

)()( xuxu
iyy   for all i.  Then for some i, )(1)( xvxu

ii yy  . But this is a contradiction as 

)(1)( xvxu
ii yy   for all i. Hence vu  1 . 

2.7. Theorem : Let  tX ,  be a fuzzy Hausdorff space and A , B be disjoint  compact subsets of  tX , . Then 

there exist tvu ,  such that ]1,0(1 uA  ,  ]1,0(1 vB  and vu  1 . 

Proof  : Let Ay  . Then By  , as A and B are disjoint. Since B is compact, then by ( 2.7 ), there exist 

tvu yy ,  such  that 1)( yu y  , ]1,0(1 yvB  and yy vu  1 . Since yuy  , then }:{ Ayu y   

is an open cover of A. As A is compact , then there exist }{,......,,
21 yyyy uuuu

n
  such that 
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nyyy uuuA  ......
21

. Furthermore , 
nyyy vvvB  .......

21
, as 

iyvB   for each i. Now, let 

nyyy uuuu  ........
21

 and 
nyyy vvvv  ........

21
. Thus we see that ]1,0(1 uA  and   

]1,0(1 vB . Hence u and v are open fuzzy sets, as they are the union and finite intersection of open fuzzy 

sets respectively i.e. tvu , . 

Finally, we have to show that vu  1 . First, we observe that 
ii yy vu  1  for each i, implies that 

vu
iy  1  for each i and it is clear that vu  1 .   

2.8. Theorem  : Let A be a compact subset of a fuzzy Hausdorff space  tX , . Then A is closed.  

Proof  : Let  
cAx  . We have to show that there exists tu such that u(x) = 1 and 

pAu   , where 
pA  is the 

characteristic function of 
cA . Now, let Ay  , then there exist tvu yy ,  such that 1)( xu y , 1)( yv y  

and yy vu  1 . Thus we see that }:{ AyvA y   i.e. }:{ Ayv y   is an open cover of A. Since A is 

compact, so it has a finite subcover , say }{,.......,,
21 yyyy vvvv

n
  such that 

nyyy vvvA  .......
21

. 

Again , let 
nyyy uuuu  .......

21
. Hence we observe that 1)( xu  and 

).........(
21 nyyy vvvu  = 0. For each Az  , it is clear that )1(1)(}{ nkzv

ky  . Thus 

0)( zu  and hence  
pAu  . Therefore, 

cA  is open and so A is closed.   

2.9. Definition[1] : An fts ),( tX  is said to be fuzzy regular iff  for each Xx   and 
ctu   with 0)( xu , 

there exist twv ,  such that 1)( xv ,  wu   and wv  1 .           

2.10. Theorem  : Let ),( tX  be a fuzzy regular space and A be a compact subset of ),( tX . Suppose Ax   

and 
ctu   with 0)( xu . Then there exist twv ,  such that 1)( xv , wu  , ]1,0(1 vA  and 

wv  1 . 

Proof  : Suppose Ax   and 
ctu   we have 0)( xu . Since  ),( tX  is fuzzy regular, then there exist 

twv xx ,  such that 1)( xvx ,  xx wu   and xx wv  1 . Hence }:{ AxvA x   i.e. 

}:{ Axvx   is an open cover of A. Since A is compact, so it has a finite subcover, say 

}{,........,,
21 xxxx vvvv

n
  such that 

nxxx vvvA  ...........
21

. Now, let 

nxxx vvvv  ..........
21

 and 
nxxx wwww  .........

21
 . Thus we see that v and w are open fuzzy 

sets, as they are the union and finite intersection of open fuzzy sets respectively i.e. twv , . Furthermore, 

wu  ,  ]1,0(1 vA  and 1)( xv . 

Finally, we have to show that wv  1 . As 
ii xx wv  1  for each i implies that wv

ix  1  for each i and 

it is clear that wv  1 .   

2.11. Theorem  : Let ),( tX  be a fuzzy regular space and A , B be disjoint compact subsets of  ),( tX . For 

each Xx   and 
ctu   with 0)( xu , there exist twv ,  such that 1)( xv ,  ]1,0(1 vA  , 

]1,0(1 wB  and wv  1 . 

Proof  : Suppose for each Xx   and 
ctu   we have 0)( xu . Let Ax  . Then Bx  , as A and 

B are disjoint. Since B is compact then by ( 2.11 ) , there exist twv xx ,  such that 1)( xvx , 

]1,0(1 xwB  and xx wv  1 . Since 1)( xvx , then }:{ Axvx   is an open cover of A. As A is 

compact, so it has a finite subcover, say  }{,........,,
21 xxxx vvvv

n
  such that 
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nxxx vvvA  ...........
21

. Furthermore, 
nxxx wwwB  ........

21
, as 

ixwB   for each i. Now, 

let 
nxxx vvvv  ..........

21
 and 

nxxx wwww  .........
21

. Thus we see that ]1,0(1 vA  , 

]1,0(1 wB . Hence v and w are open fuzzy sets, as they are the union and finite intersection of open fuzzy 

sets respectively i.e. twv , .  

Finally, we have to show that wv  1 . As 
ii xx wv  1  for each i, we have wv

ix  1  for each 

i   

and it is then clear that wv  1 .     

2.12. Theorem  : A topological space  ),( TX  is compact iff ))(,( TX   is fuzzy compact. 

Proof  : Suppose ),( TX  is compact. Let }:{ Jiui   be an open cover of  ))(,( TX   i.e 

})(:{ TuuX i

Ji

i 


 . Then Taui  ]1,(1
 and }]1,(:]1,({ 11 Tauau ii 

 is an open cover 

of ),( TX . Since  ),( TX  is compact, so it has a finite subcover, say Tau
ki

 ]1,(1
  )1( nk   such 

that ]1,(.........]1,(]1,( 111

21
auauauX

niii

  . Now, we can write 

niii uuuX  ........
21

 and it is seen that }{
ki

u  )1( nk  is a finite subcover of }:{ Jiui  . 

Thus ))(,( TX   is fuzzy compact. 

Conversely, suppose that ))(,( TX   is fuzzy compact. Let }:{ JjV j   be an open cover of  

),( TX  i.e. }:{ JjVX
Jj

j 


 . Since 
jV1  are l . s. c. then )(1 T

jV   and })(1:1{ T
jj VV   is 

an open cover of  ))(,( TX  . Since ))(,( TX   is fuzzy compact, so it has a finite subcover, say 

})(1:1{ T
kjkj

VV   )1( nk   such that
njjj VVVX 1.......11

21

 .Now, we can write 

njjj VVVX  ........
21

 and it is seen that }{
kj

V  )1( nk   is  a finite subcover of  

}:{ JjV j  . Thus ),( TX  is compact.   

We hope to study certain other properties of this concept in our next work. 

 

REFERENCES 
[1] D. M. Ali, Ph.D. Thesis, Banaras Hindu University, 1990. 

[2] C. L. Chang,  Fuzzy Topological Spaces, J. Math. Anal. Appl. , 24(1968), 182- 190. 

[3] H. Foster,  David, Fuzzy Topological Groups, J. Math. Anal. Appl. , 67(1979), 549- 564. 

[4] S. R. Malghan, and S. S. Benchalli, On Fuzzy Topological Spaces, Glasnik Mathematicki, 16(36) (1981), 

313- 325. 

[5] B. Mendelson, Introduction to Topology, Allyn and Bacon Inc, Boston, 1962. 
[6] M. Sarkar, On Fuzzy Topological Spaces, J. Math. Anal. Appl. , 79( 1981), 384- 394. 

[7] L. A. Zadeh, Fuzzy Sets, Information and Control, 8(1965), 338- 353.    

 

     

 

    


