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l. INTRODUCTION

Convexity plays a vital role in many aspects of mathematical programming including optimality
conditions and duality theory. To relax convexity assumptions imposed on the functions involved, various
generalized notions have been proposed. Preda [1] introduced the concept of generalized convexity, an
extension of F-convexity defined by Hanson and Mond [2] and generalized convexity defined by Vial [3].
Gulati and Islam [4] derived sufficiency and duality results for efficient and properly efficient solutions of a
multiobjective nonlinear programming problem under the assumptions taken by Hanson and Mond [2]. Ahmad
[5] obtained a number of sufficiency theorems for efficient and properly efficient solutions under various
generalized convexity assumptions for multiobjective programming problems.

Semi infinite optimization problems were introduced by Hettich and Kortanek [6]. Generalised semi
infinite optimization problems were studied by Lopez and Still [7] and Vazquez and Ruckmann [8]. Avriel [9]
first introduced the definition of r-convex functions and established some characterizations and the relations
between r-convexity and other generalization of convexity. Antczak [10] introduced the concept of a class of r-
preinvex functions, which is a generalization of r-convex functions and preinvex functions, and obtained some
optimality results under r-preinvexity assumptions for constrained optimization problems. Antczak [11]
introduced p-invex sets and (p,r)-invex functions and derived sufficient optimality conditions for a nonlinear
programming problem involving (p, r)-invex functions. (p, r)-invex functions were further generlized as (H,, r)-
invex functions by Yuan [12]. Liu [13] obtained sufficient optimality conditions for multiple objective
programming problem and multiobjective fractional programming problem involving (H,, r)-invex functions.
Jayswal et al. [14] established Generalized (H,, r)-invexity in multiobjective programming problems. Jayswal et
al. [15] introduced duality results for semi-infinite programming problems involving (H,, r)-invex functions.
In this paper we have considered semi-infinite multiobjective fractional programming problem. Wolfe type and
Mond-Weir type duals are considered, Weak, strong and strictly converse duality theorems are established by
considering (Hp, r)-invexity conditions.

. NOTATIONS AND PRELIMINARIES
Let R" be the n-dimensional Euclidean space, R", = {x€R"|x 10} and, R", = {x€R" | x>0}. If x, y ER",
then x [Jy is used to denote the case X; [J y;,i=1,2,...,nand x #y.
Antczak, T [11] introduced (p, r)-invex sets and (p, r)-invex functions as follows:

Definition 2.1: Let a;, a, > 0, A £ (0,1) and r £ R. Then the weighted r-mean of a; and a; is given by
1
" (1-Mal )
M,(al,az,k) = (7‘3‘1 (1 7\)32) , forr=0,
ey, forr =0,

where A € (0,1)and rER.
Definition 2.2 [12] : A subset X CR" is said to be Hp -invex set, if for any x, u € X, there exists a vector

functions. Hp:XXXX[O,l] — R", such that
H,(x,u;0)=¢", H,(x,u;d) ER",
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In(H, (x,u;l) EX, V LE[0,1], pER.

In the above definitions, the logarithm and the exponentials appearing in the expressions are understood to be
taken componentwise.

Throughout the paper, we assume that X be a Hp -invex set, Hp is right differentiable at O with respect to the
variable A for each given pair x, u € X, and f : X = R is differential on X. The symbol H;l (%, u; 0+) [
(Hp, (x u; 04),...,H, (%, u; 0+))" denotes the right derivative of H, at 0 with respect to the variable A for

each given pair x, ue X; V(x) [l (V,f(X),...,

Vi(u) (Vlf(u) v, f(u) ]T

an(x))T denotes the differential of fat x, and so——— denotes U
e e e

Liu, X et.al [13] introduced multiple objective programming involving differentiable (Hp, r)-invex functions as
follows:

Definition 2.3: A differentiable function f:X —* R issaid to be (strictly) (H,, r) —invex at u € X, if for
all x € X, one of Hp'the relations

1 oot Vi)
e ] > = H,

> (X, u; 0+) (>) forr #0,
e

Vi)
eU

f(X)-f(u) > H, (x,u;0+) (>)forr=0,

hold.

If the above inequalities are satisfied at any point u € X, then fis said to be (H,, r)-invex (strictly (H,, r)-invex)
on X.

Jayswal et. al [14] introduced the generalized (H,, r)-invex function as follows :

Definition 2.4: A differentiable function f : X — R is said to be (strictly) (Hp, r) -pseudo invex at u € X, if for
all x € X, the relations

a
T 00 20 = L[] 0 for 10
€ r
N
VZEU) Hp' (x,u;0+4) >0 = f(x)-f(u) > o, for r=0,
hold.

If the above inequalities are satisfied at any point u € X, then f is said to be (Hp, r)- pseudoinvex on x.
Definition 2.5 : A differentiable function f: X — R is said to be strict (H,, r) -pseudoinvex at u € X, if for all x
€ X, the relations

T
VfEu) Hp’ (x,u;04) >0 = l[ef“(x*““”-l] >0, forr=0,
e r
viw" _
o H, xu0+) 20 = f(x)-f(u)=o,forr=0,
hold.

If the above inequalities are satisfied at any point u € X, then f is said to be strict

(Hp, 1) -pseudoinvex on X.

Definition 2.6 : A differentiable function f : X — R is said to be (H,, r)-quasiinvex at u € X, if forall x € X,
the relations

T
VfEU) Hp' x,u;0+) 20 > l[er(f(x)—f(u))_l:l >0 forr#0,
€ r
T
V:Eu) Hp' x,u;0+) 20 = f(X) - f(u) >0, forr= 0l
hold.

If the above inequalities are satisfied at any point u € X, then f is said to be (H,, r)- quasiinvex on X.
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Remark 2.1 All the theorems in the subsequent parts of this paper will be proved only in the the case when r #
0. The proofs in other case are easier than in this one. Also we assume that r > 0 (in the case when r < 0, the
direction some of the inequalities in the proof of the theorems should be changed to the opposite one).
We consider the following semi-infinite programming (SIP) problem:
(SIP) Minimize f(x),

XeR

subjectto h;() =0; j €1 (2.1)

where J is an index set which is possibly infinite, f and h;, j € J are differentiable functions
fromR"to R u{+o0}.
We consider the following semi-infinite multiobjective fractional programming (SIFP) problem:

0,0 f, (x)j
0,00 9, g, (X)
subjectto h;(x) < 0, j €3] (2.2)

(SIFP)  Minimize (

where, fi: Xo—R, §;: Xp—R,i=1,2....m and hj: Xo — R,j=12...p, Xo is an open subset of R". Also,

f.x>0,0,x>0;i=12...m.

3. First duality model
We consider the following Wolfe-type dual to (SIFP):

m p
(WSIFD) Maximize Z“i [fi (u) - Vigi(u)]+z Ah;(u)
i=1 j=1
subject to
m p
2 [ VEW - v Vg ]+ 4 Vh(w) =0 (31)
i=1 j=1
where p;>0,V;>0and A; >0 and p;# 0 andV; # 0 for finitely many i€ I, I is an index set which is possibly
infinite, X j# 0 for finitely many j€ J.

Theorem 3.1 (Weak duality):
Let x and (u, p, v, A), n = (no), A = (ho), V= (Vy),i € I and j€ J be feasible solution to (SIFP) and (WSIFD)

respectively. Assume that i L, [fI ()-vg; (.)] +Zp: A;h;(.) be

(Hp, r)-invex at u. Then theI:floIIowing cannot hold:J=l

> [£09-vig,00] < Y [£@) - vie, @]+ YA )

Flzrloof : On the contrary we a:slume that, -

> [£09-vig, (0] < S [£@) - vie, @]+ YA )

V\Ilzhlich together with the feasillz):illity of x to (SIFP) gives -

> [£00 v 0] - 2 [ -vigi(u)]+jzil M (9 Z h, (1) <0

Since r > 0, using the fundamental properties of exponential function, the above inequality
yields

m m P P
1 {Zui [£ 0 - vigi (O] - D wi[£i (W) - vig @]+ D 45000 - D Ajh j(u)}
Zle i=1 i=1 =1 j=1

r

-1 <0.
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m p
The above inequality together with the assumption that Z W, [f, ()-v,g (.)] +Z Ah;() is
i=1 =1
(Hp, r)-invex at u, we obtain

{Zu [V£, () -vngi<u>]+zijh,-(u)}
i=1 j=1 Hpr (X, u: O+) < O,

u

e
which contradicts (3.1). This completes the proof.
The proof of the following theorem is similar to Theorem 3.1 and hence being omitted.

Theorem 3.2 (Weak duality) : Let x and (u, u, v, A), p=(w), A=), V=(V;), i € land
j € J be feasible solution to (SIFP) and (WSIFD) respectively. Assume that

m p
Z W [fI ()-v,g (.)]+z A;h; (1) be (Hy, r)-pseudoinvex at u. Then the following cannot hold:
i=1 =1

iui [f' (x) - Vigi(x)] <

> [ - v @ )

Theorem 3.3 (Strong duality): Let X be an optimal solution for (SIFP) and X satisfies a suitable constraints

qualification for (SIFP). Then there exists ﬁz(}z) X:(X_J) , \_/:(\7,) J€land je Jsuch that(;,]?t,\_/,;») is

feasible for (WSIFD). If any of the weak duality in Theorems 3.1 or 3.2 also holds, then (X,u,v,%) is an
optimal solution for (WSIFD).

Proof : Since ; is optimal solution for (SIFP) and satisfy the suitable constraint qualification for (SIFP), then
from Kuhn-Tucker necessary optimality condition there exists ﬁ:(}:) Xz(?:) Vz(\T,) ,iE€land je
such that

Su[VE®-wve®] + YIvh® =0, Y

Ajhy(x) =0,

which gives that the (X,u,v,k) is feasible for (WSIFD).The optimality of (X,u,v,k) for (WSIFD) follows

from weak duality theorems. This completes the proof.

Theorem 3.4 (Strict converse duality) : Let ; and (y,u,v,?») be feasible solutions to (SIFP) and (WSIFD),

m __ _ P _

respectively. Assume that Zui [fi(.)-vigi(.)}rz Ajh;(.)is strictly (H,, r)-invex at Y. Further assume
i=1 =1

that

> [600- v (0] < S [60) - ve®] XA

then ; =Y.

Proof : Let ; be feasible solution to (SIFP) and ()_/,L_L,;/,)_u) be feasible to (WSIFD). Then

m

D[ VEO) - viVe ) ]+ 2 0 Vhy () =0. (2)

Now, we assume that X # Y and exhibit a contradiction.
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mo__ _ b __ —
From the assumption that Z W [f, ()-vig; (.)] +Z A;h; () is strictly (Hy, r)-invexat Y, we have
i=1 =

m _ _ _ P _ m _ _ _ P _
1 r{Zu.[f.(x)- vigi () [F Y hh; (0 - Y [ () - vigi (1) ] - th,<y)}
Zle i=1 =1 i=1 =1 _ 1 >
r

71

m _ o _ p _ T
{Z W | VE)-v Ve () [+ Vh j(y)}
= Hp' (x, u; 0+),

Y
which by the virtue of (3.2) becomes
m _ o _ p o _ m _ _ _ p . _
1 {Zm[ﬂ(x)- vigi (0 [+ D"y (0 - [ () vig (1) ] -ijhj(y)}
Zle i=1 =1 i=1 =1 _ 1 > 0.
r

Asr >0, using the fundamental properties of exponential functions, we get
m __ — — _ P __ — m __ — I — b _
> [ £ - vigi (0 [F M0 - Y [ £ - vig ) | - D ahy(y) >0.
i=1 j=1 i=1 j=1
From the feasibility of x to (SIFP), the above inequality yields
m _ . _ m _ o _ p _
> | £00-vig (0 > [ E-vig ) [+D by ),
i=1 i=1 j=1
which contradicts the assumption that
m _ _ _ _ m _ _ . _ p _
D[ HC0 - vig (0 [ < Do H) - Vg [+ Ahy ().
i=1 i=1 j=1
Hence X = 9 This completes the proof.
Next we consider the following Mond-Weir-type dual problem for (SIFP):

V. SECOND DUALITY MODEL
f(u) f,u) f, (u)}
g,(u) g, (u) " g, (u)

(MWSIFD) Maximize (

subject to
m p
i [VE @) - viVeg W]+ 4 Vh(w) =0, (4.1)
i=1 j=1
Zui [f| () - vig; (u)] 20, (4.2)
i=1
p
D % Vh(u) = 0, (4.3)
=1

where pi>0and pi#0, V;>0and V;#0,2>0and A #0 for finitely many i € | and j& J.
We have proved the following duality theorems.

Theorem 4.1 (Weak duality) :  Letxand (u, p, v, &), p=(w),v=(V;), A= (%), i € l and
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m
j € 3, be feasible solution to (SIFP) and (MWSIFD), respectively. Assume that >, [f;(.) - v,g;(.)]and

i=1

p
Z A;h;(.) be (Hy, r) -invex at u. Then the following cannot hold:
=1

f.09 _ i)

g;(x) g;(u)

Proof:  Suppose contrary to the result, i.e.

f.09 _ fi(w

g;(x) g;(u)

Since r > 0, after some algebraic transformations, the above inequality yields
1 {im [ (0 - vigi ()] - iui[ﬂ (W - vig; (u)]}
_ e i=1 i=1
r

-1| <0.

m
From the assumption that Zui [fI G- Vigi(.)] is (Hp, r) -pseudo invex at u.

i=1

{Z w [VE @Y, (u)]}

u

H,' (x, u; 0+) < 0. (4.4)
e

Since pi>0,V;>0andA;>0and p; #0 and V;# 0 for finitely many i€ I, 4;#0 for finitely many j€ J. from
the feasibility of x and (u, p, v, A) to (SIFP) and (MWSIFD), respectively, we obtain

P P
D Ah(x) <0< Ah(w).
=1 =1

As r >0, using the fundamental properties of exponential functions, we get

P P
{Zx,-h,-oo - Zx;h;m}
=1 =1

e -1|<0,

= I

p
which by the virtue of (H,, r) -invexity of Z Ajh;()atu, gives
=1
N
p
{Z A;Vh j(u)}
=1

u

H) (x u;0+) < 0, (4.5)

e

On adding (4.4) and (4.5) gives

m p
{Z i [Vf| (w)-v;Vg, (u)] +Z A;Vh;(u)

=1

i|T
- H, (x,u;04) < 0,

e
which contradicts the dual constraint (4.1). This completes the proof.

The proof of the following theorem along the similar lines of Theorem 4.1, and hence being omitted.

Theorem 4.2 (Weak duality): Letxand (u, p, v, 1), p=(w) v=(V;), A= (%), i € land
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m
j € J, be feasible solutions to (SIFP) and (MWSIFD), respectively. Assume that Z“i [£:()-vig; ()] is (Hy, -

i=1
p
pseudoinvex and Z A;h;(.) is (Hy, n)-quasiinvex. Then the following cannot hold.

j=1
g, g

Theorem 4.3 (Strong duality): Let ; be an optimal solution for (SIFP) and ; satisfies a suitable constraints
qualification for (SIFP). Then there exists ﬁ: (},T,) , X = (7»_]) , ; = (\7,) ,

i €land jeJ, such that (X, W, v, }\,) is feasible for (MWSIFD). If any of the weak duality in Theorems 4.1 or

4.2 also holds, then (X, W, v, X) is an optimal solution for (MWSIFD).

Proof: Since ; is optimal solution for (SIFP) and satisfy the suitable constraint qualification
for (SIFP), then from Kuhn-Tucker necessary optimality condition there exists ;_1: (ui ) A= (?»J- ) V= (vi ) i

€ land je J, such that

i[i[wi (x)-vVg ()] +§p: A Vh,(x) =0, zp:x_jh () =0,
i=1 =1 =1

which gives that the (X, W, v, 7») is feasible for (MWSIFD). The optimality of (X, W, v, 7») for (MWSIFD)

follows from weak duality theorems. This completes the proof.

Theorem 4.4 (Strict converse duality): Let ; and (y, W, v, 7») be a feasible solution to (SIFP) and

m o _ p__
(MWSIFD), respectively. Assume that Z“’i [f. () - vig; (.)J be strictly (H,, r)-pseudoinvex and Z Ah;()

i=1 =1
be (H,, r)-quasiinvex at 9 Further assume that
i) . fi(y)
g(x) gy
Then X - Y. i.e. Y isan efficient solution for (SIFP).

Proof : Let X be feasible solution to (SIFP) and (y, W, v, 7\,) be feasible to (MWSIFD). Then
m —
lei

i=1

_ _ _ | _
[VE() - viVe () |+ A, Vh () =0. (46)
j=1

Now, we assume that X = Y and exhibit a contradiction.

Since pi>0,V;>0andA;>0and p;# 0 and V; # 0 for finitely many i € I, A;# 0 for finitely many j € J. from

the feasibility of ; and (y, W, v, X)to (SIFP) and (MWSIFD), respectively, we obtain

P _ P _
D Ak (x) <0< Ahi(y),
=1 =1

As r > 0, using the fundamental properties of exponential functions, we get

WWw.irjes.com 13| Page



Duality For Semi- Infinite Multiobjective Fractional Programming Problems Involving Generalized (H,, R)-
Invexity

P _ p_
1 r[Zthj(x) - ijhj(y)J
=le'™ -1l< 0
r

P _ —
which by the virtue of (H,, r)-quasiinvexity of Z Ah;() at'y, gives
=1

T
P _
{ij th(Y):|

j=1
eY
which along with (4.6) gives
Y[ VEm-vVem]
i1 _ H, (X, y;04) >0,
gV

Hp'(;, y;049) < 0,

m
From the above inequality together with the assumption that Z“i [fI ()-vg (.)] is strictly
i=1

(Hp, r)-pseudoinvex at Y, we obtain
1| 2l vie 0] 2wl - vie (]
i=1

_ei=1
r

-1} >0,

which by the fundamental properties of exponential functions, yields

L0 | L)
g(x) gy
. . fi (X) fi (y) v -\ .
which contradicts the fact that —=- < ——=-. Hence X =Y. This completes the proof.
gi(x) 9i(y)

V. CONCLUSIONS
Here we have used generalized (H,, r)-invex functions and considered Wolfe and Mond-Weir type of
dual programs for a class of semi-infinite multiobjective fractional programming problem and established the
weak, strong and strict converse duality theorems assuming the functions involved to be generalized (H,, r)-
invex functions.
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