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Abstract:- In this paper author proved that a left regular semi group S satisfying the identity xyz = xz for X, y, z in
S is cancellative. It is also proved that S is a completely regular, commutiviy, left (right) quasi-normal, left (right)
semi-normal and left (right) semi-regular. The motivation to prove this theorems in this paper is due to the results of
Yamada, M. and Kimura, N.[3]
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. INTRODUCTION

Various concepts of regularity have been investigated by R.Croisot[10] and his study has been
presented in the book of A.H.Clifford and G.B.Preston[1] as croisot’s theory. One of the central places in this
theory is held by left regularity. Bogdanovic and Ciric in their paper, “A note on left regular semigroups”
considered some aspects of decomposition of left regular semigroups. In 1998, left regular ordered semigroups
and left regular partially ordered I'-semigroups were studied by Lee and Jung, kwan and Lee. In 2005, Mitrovic
gave a characterization determining when every regular element of a semigroup is left regular. In this paper we
discuss the structures of left regular semigroups which satisfies the identity xyz = xz for X, y, z in S. The results
obtained in this section based on the results of Yamada, M. and Kimura, N. [3]. For definitions refer [3],[4],[5]
and [6].

. PRELIMANARIES
Theorem?2.1. Let S be a left regular semigroup. Let x,y,z be the (choosen) elements of S. Then S satisfies the
identity xyz = xz and (xyz)2 = Xyz

Proof. Let S be a left regular semigroup. Choose X,y,z in S such that z = zxz, x = xyzx, y = yzy. Since S is a left
regular semigroup, we have
Xyz = xy(z) = xy(zxz) = (xyzx)z = xz. Therefore, S satisfies the identity xyz = xz

To prove xyz is an idempotent element of S, consider xyz = (xyzx)yz = (xyz)(xyz) = (xyz)2

Theorem?2.2. Let S be a left regular semigroup satisfying the identity xyz = xz for some x,y,z in S. Then S is
left and right quasi-normal.

Proof. Let S be a left regular semigroup. Then by Theorem 2.1,

Xyz = (xyz)2 = Xyz = (Xyz)" = XyzZXyz = Xy(zXxy)z = xyzyz = (Xyz)yz = Xzyz = Xyz = Xzyz. Hence S is left
quasi-normal

Again xyz = (xyz)2 = XYZXYZ = XY(ZXY)Z = XYZYZ = XYZXZYZ = XYXZYZ = XyXYZ = XYXZ = XYz = XyXZ = S is
right quasi-normal

Therefore, a left regular semigroup is left and right quasi-normal

Theorem?2.3. Let S be a right regular semigroup satisfying the identity xyz = xz for some x,y,zin S. Then S is
left (right) quasi-normal semigroup.

Proof: Proof is similar to Theorem 2.2.

Theorem?2.4. Let S be a left(right) regular semigroup satisfying the identity xyz = xz for some x,y,z in S. Then
S is a normal semigroup.

Proof. Let S be a left regular semigroup, then by Theorem2.1. for any X, y,z€S, Xxyz = (xyz)2 = Xxyz = (xyz)(
Xyz) = Xy(zxy)z = xy(zy)z = (XYZ)yz = X2yZ = XyZX = XZyZX = = XZ(yzX) = XYZX = XZyX
Therefore, S is normal.

www.irjes.com 1| Page



Some properties of left regular semigroups satisfying the identity xyz = xz

Theorem2.5. Let S be a left(right) regular semigroup satisfying the identity xyz = xz for some x,y,z in S. Then
S is right(left) semi-normal.

Proof. Let S be a left regular semigroup and X,y,z,eS.Then xyz = (xyz)z.

Now xyz = (xyz)2 = XYzZXyZ = XY(ZXY)Z = XYZYZ =XYZXZYZ = XYXZYZ = XYXYZ =>XYZ = XYXZ => XYZX = XYXZX.
Hence S is right semi-normal.

Theorem2.6. Let S be a left (right) regular semigroup satisfying the identity xyz = xz for some x,y,z in S. Then
S is left and right semi-regular semigroup.

Proof. Let S be a left regular semigroup and x,y,z,€S.Then xyz = (xyz)z.

Xyz = (xyz)2 = XYzZXYZ = XY(ZXY)Z = XYZYZ = XYZXZYZ = XYXZYZ = XyXYZ = XYZ = XyXZ = XYZX = XyXZX =
yX(zX) = XyX(zyx) = XyX(zy)X = XyXzxyx = Xyxzx(yx) = Xyzx = Xyxzxyzx. Hence S is a left semi-regular
semigroup

Similarly xyz = (xyz)2 = XyzX(Yz) = XYZXYXZ => XYZX = XYZXYXZX

Therefore, S is a right semi-regular semigroup.

Theorem2.7. A left regular semigroup S satisfying the identity xyz = xz for some x,y,z in S. Then S is
cancellative.

Proof. Let S be a left regular semigroup and x,y,z are elements of S

Let xy =xz. Then %<zy = XyZ = Xzyzy :nyézxz = Xzyzy = xyzxyz = xz¥zy = XyzZyZ = XYzY = XZYyZ => XZXy =
XZyXZ = Xyz(Xy)~ = Xzy(Xz)" = XyzX'y~ = XZyX'zZ" = XyXYy = XZXZ~ = XYY =XZZ = Xy =XZ° = Yy = Z.
Hence, S is left cancellative.

Similarlly we prove that S is right cancellative. Threrefore, S is cancellative.

Theorem?2.8. Let S be a left regular semigroup satisfying the identity xyz = xz for some X,y,z in S. Then S is
completely regular.

Proof. Let S be a left regular semigroup. Then by Theorem.3.3.7., S is cancellative

Let a be an element of S, then there exists an element x in S such that xa’ = a = Xa’X = ax = Xaax = ax = xaax
= (ax)2 = Xaax = axax = Xaa = axa = xa = ax. — (1). Also xa’=a= x(xaz) =Xa = (xa)2 = Xa = Xaxa = xa
= axa = a = ais regular. By (1) ax = xa. So, S is completely regular.

Theorem?2.9. Let S be a left regular semigroup satisfying the identity xyz = xz and a, b are elements of S. Then
ab and ba are left regular elements in S.

Proof. Let S be a left regular semigroup. If a,beS then there exisgs X,y inZS szuch that axa =_.a and byb = b. To
prove that ab is left egular element in S, consider yx(ab) "= yxa"b” = y(xa")b"™ = yab™ =a(yb"~) = ab. Therefore,
ab is a left regular element in S.

Similarly, we see that ba is a left regular element in S.

REFERENCES
[1]. A.H.Clifford and G.B.Preston :”The algebraic theory of semigroups” Math.surveys7;vol .I Amer.math.
soc 1961.
[2]. J.M.Howie “ An introduction to semigroup theory” Academic Press (1976).
[3]. Miyuki Yamada and Naoki Kimura “Note on idempotent semigroups.II” Proc.Japan Acad. 34;110
(1958).

[4]. Naoki.Kimura “The structure of idempotent semi groups(1) Proc. Japan. Acad., 33,(1957) P.642.

[5]. Naoki.Kimura “Note on idempotent semigroups I”.Proc. Japan Acad.,33,642 (1957).

[6]. Naoki Kimura “Note on idempotent semigroups II1”. Proc.Japan Acad.;34;113 (1958).

[7]. P.A. Grillet. “The Structure of regular Semigroups-.I", Semigroup Forum 8 (1974), 177-183.
[8]. P.A. Grillet. “The Structure of regular Semigroups-.II”, Semigroup Forum 8 (1974), 254-259.
[9]. P.A. Grillet. “The Structure of regular Semigroups-.I11I", Semigroup Forum 8 (1974), 260-265.

[10]. R. Croisot. “Demi-groupes inversifs et demi-groupes reunions de demi- groupes simples.”
Ann.Sci.Ecole norm.sup.(3) 70(1953), 361-379.

WWW.irjes.com 2 | Page



