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Abstract: Invoking the Hadamard product (or convolution), a class of p-valent functions has been introduced.
The coefficient bounds, extreme points, radii of close-to-convex, starlikeness and convexity are obtained for the
same class of functions. Distortion theorem and fractional differ-integral operators are also obtained.
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l. Introduction
Let A(n,p) denote the class of functions f (z) of the form

f(2) = 70 +Z sy 27, (o € N = (12,.....}), 1.1

which are analytic and p_—valent inthe unitdisk U = {z : |z| < 1}.
A function f(z) € A (n,p) is said to be p —valent starlike of order § (0 < § < p) ifand only
if
Re{sz(;)}>5 (ZEU; 0<8< p). 1.2)
We denote by S, (p, §) the subclass of A(n,p) consisting of functions which are p —valent starlike of order 6.
Also a function f(z) € A(n,p) issaid to be in the class K,, (p, §) if and only if

Ref1+ j’f (@))} >8,(z €U;0< 68 <p). (1.3)
A function f(z) € K,,(p, §) is called p -valent convex function of order § (0< § < p), if

f(@) € K,(p,6) ® zf (2) € S,(,6),Yn EN. (1.4)
For a function f(z) is given by (1.1) and g(z) € A(n,p) is given by

9@ =2+ Y by 2, (pimEN), (15)

n=1

we define the Hadamard product of f(z) and g(z) as

fr9)@= 2 + Z Gpip buyy 2P, zE. (1.6)
Let the subclass A(n, p) is denoted by @ consisting of functions of the form

flz)=2zF — Zan+pz tr, (p,n €N;a, = 0). (L.7)

Invoking the Hadamard praduct, a linear operator L’;,( a,b,c) f(z) is defined as
LE(a,b,c) f(2) = (27 ;R (a, bm,: c; k; 2)) * f(2)
Ir'(c) (@), T(b + kn) a,, z"*?

Tl LT Tk () (1.8)
=z — ) a,,, B(n)z"*?, (1.9)

where ;R (a, b; c; z) is generalized hypergeomertric function defined by Virchenko, Kalla and Al-Zamel [6]
as,

I'(c) - (@), T(b +kn) z"
r'(b) — I'(c+kn) @V
where (a),, is the pochhammer symbol defined as

2Ry (a,b;c;k;z) = keRk>01|zl <1, (1.10)

WwWw.irjes.com 8| Page



On A Class Of p —Valent Functions Involving Generalized Hypergeometric Function

(a) __Tla+n) _ { 1, (Tl = 0)
" r@ | oa(a+1).... (a+n—-1); (nmEN)
and
B(n) - LE)M (111)

() I'(c+kn) (n)!
If we set k = 1 in (1.8), then the linear operator L% (a, b, ¢) f(z) reduces to the linear operator L, (a, b, ¢) f(2)
defined (cf. [5]) as

(b)n n+p

L,Ca,b,c) f(2) = zP - Z s (©)n, M)
n=1 " .

In particular, if we set b = 1, then linear operator L, ( a, b, ¢) f(z) reduces to Carlson-Shaffer
operator L( a, c) f(z) defined as

= (2°,F1 (a,b; ; 2)) * f (2). (1.12)

n+p

L (41,0 f(2) =L,(a,c) f(2) = 2 - Z@T

= zP ¢)(a c;z) * f(2), (1.13)
where ¢ (a; c; z) is incomplete beta function defined as

o0

P(a,c;2) =Fi(a,1;¢c;2) = Z ©n 27,

=0 (©n

For detail, one can see [1, 4].
A function f(z) € ¢, fora >

> 0and0 < B < pissaid to be in the class A’;(a,ﬁ) if it satisfies the following
relation

z(L’zg(a,b,c)f(z))’ B

Lk Cab.c) f(2) +B. (1.14)

L% (ab,c) f(2)
For detail, one can see [7].

z(Lég(a,b,c)f(z))'} o

Il.  Coefficient Bounds for Function f(z) in A’,ﬁ(a, B)
Theorem 2.1. Let the function f(z) defined by (1.7) be in the class A’;(a, B) ifand only if
i 1+ +@-p]
P -8 "
where0< B < p,a =0and B(n) is defined by (1.11).
Proof. Let f € Af(a,B). ByusingRe (w) >a|w —p| + B,ifandonlyif, Re W(1 + ae?) —pae?) > B
for real y and letting
_ Z(L]{,(a,b,c)f(z))’
a (L’;(a,b,C)f(Z)) '
(1.14) reduces to

z (L’,‘,( a,b,c) f(z)),
(LCa,b,0) f()

B < 1, .1

(1+ae?)—poe” | > B,

or, equivalently,

/(p -B)— Z Bm)n+p—Blantp 2" —ae”’z n B(n)ap4p 2"

n=1
Re

> 0. 2.2)

| ®©
\ 1— Z B(n)anﬂ, zn
n=1
The inequality (2.2) must hold for all z in U.By letting z - 1~, we have

N~
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(oS S )

l(p—ﬁ)—z B(n)[n+p—ﬁ]an+p—aeiyz n B(n)ay +p
=1

| n

= I
ReI n | > 0,
\ 1- Z B(m)an +p /
n=1

by means of mean value theorem, we get

(p—ﬁ)—Zan+p B(n) [n+p—ﬁ]—az na,,, B(n) | =0.

n=1 n=1
Therefore,
D +a) + - Bl an, B < @ -p). 23)

n=1
Conversely, we assume that (2.1) hold. We are to show that (1.14) is satisfied and so
f € Af(a,B). By using Re (w) > aifand only if[w —(p+a)| < |w+ (p—a)|, itissufficient to show
that

’ ’

z(L’;,(a, b, c) f(z)) Z(L’;,(a, b, c) f(z))
-|pta -pl|l+p
(£Ca,b,0) f(2) (LkCa,b,0) f@)
z(L’;,(a,b, c) f(z))‘ Z(L’;,(a, b, c) f(z)))
k TP k e
(LkCa,b,0) f(2)) ((ab,0) f(@)
L
i o0 — (L’{,(a,b,C)f(Z))
|(thCaper )]
then,

|(Acanorw) Ath(are /@)
E= (L5 Cabo) F)) t\p-«a (Baborr@) |~ P —F

Z(L’,‘; (ab,c) f(Z))’— p(L(ab.c) f(Z))H

Z(Llfu (ab,c) f(Z))v+(p—ﬁ)(L1;§ (ab,c) f(z))—aeiw

- (£ Cancr f@)]
( 0 )
| |
12 1 2p— - Z (20— +n(1-a)]B () ansp I2I" |
| = |
> : 24
hcena )] @4
and
Z(Lll‘,(a,b,c)f(z)) Z(L];(a,b,c)f(z))
=T ———= |- |p+a|| Fm/—=|-p |+
< (LsCabe) f(2) ) (p ( (LsCabo) f@) p|+h
z (L’{, (a,b,c) f(z))’ - (p+ﬁ)(L1{, (a,b,c) f(z)) —ae®® Z(leg (a,b,c) f(z))’— p(L]IE (a,b,c) f(z)) |
B (5 Cabo) f@) |
( \
|~ |
IZPI$B+ Z [n(1+a)=Blan+p Bz %
L " J
> - (2.5)
(5 Cabo) f@)]
if (2.1) holds, then it is easy to show that E — F > 0. So the proof is completed.
I11.  Extreme Points for the class A’,ﬁ(a, B)
Theorem 3.1. Let fi(z) = z? (3.1)
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p_ﬁ n+p

md+a) +@-pIBM .~
wheren € N, then f(z) € A%(a, B), if and only if, f(z) can be expressed as

F&) =) MfG),
n=1

and f, (z) = zP —

where
,11+Z,1 =1, (420 4,20 neN)

and B(n) is deflned by (1.11).
Proof. Invoking (3.1), (3.2) and (3.3), we get

~ p—p
f(z)—alz”;ﬂn{ S e ety ot

o0

[@ =20 =) by 2,

n=1

where

¢ — p—pB

T [n(1+a)+(p—p)1B)
By using (3.4), we get

y [n(1 +a) : _(pﬁ— PIB@ =1 <1,

n=1
hence f € A%(a,B).
Conversely, if f € A’;, (a, B), then by using theorem 2.1, we get
p—B

nip < [n(1+a)+ (@ —pH)IBMN) (€N
then
[n(1+a)+(p—ﬁ)]3(n)/1n iy <1,(n € N)
p—8
andA; =1—- ) 4,.
ie.

0

f(z) =2zP —Za nap 2P

0

n+

Z [n(1+a) + (p AIBM)

Using (3.2) and (3.4) 4_ we get
f(z) =20 - Z I (22 = £, @)
n=1

@) =2 (1—ian>+ixnfn @).
=1 n=1

Theorem is completely prove_d.

IV.  Distortion Bounds for the Lk(a,b,c) f(2)

Theorem 4.1. Let the function f(z) defined by (1.7) be in the class A% (a, B). Then

po_ |t P2 |k P 14p __P=B
22 =l e < <|(thCab o f@)|< 12l + Lol [+l
Proof. Let f € A"(a B). Then by using theorem 2.1, we have

p—B
2, BO) S [y (0 2 D

n=1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

4.1)

(4.2)
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now by using (1.9), we get
(Cab f@)] < 12l + ) ay, Bz
n=1

< |glp 4 —PB 14
< 2P+ oo

and

o0

|(5Ca b0 F@)] = 12 =y, Bz

n=1

> Jglp — — P 140
z 12l - e

Theorem is completely proved.

V. Radius of close —to- convexity, starlikeness and convexity

Theorem 5.1. Let the function f(z) defined by (1.7) be in the class A (a, B). Then f(z) is p — valently close to

convex of order §(0 < § < p) in |z| < r;(a, B), where

Y,
. c[@=8)n(1+a)+(-FIB@M)] /™

= >
n(@p) ngf (n+p)(@—B) ] m=1
and B(n) is defined by (1.11).

Proof. It is sufficient to prove that

= —p| < p-6,forlzl <r(ap),
we have
f'(2 N
P p| < Z(n + D) Ay |z|™.
n=1
(z
Thus ];p(—1) —p| < p-46if

- n+pa
m |Z|n < 1’
L (p-9)
but by theorem 2.1, above inequality hold true if
m+p) | _in [n(1+a)+(-A)IB(n)
—= |z|" < ——————,
»—=5) ®-8) y
P—8)nQ+a)+(p—p)1B(M)) /n
< >
2l < { n+p) (0—B) J iz

or

Y,
. [0 nA+a)+@-LIBM)] /™
= >
g ("_" A) ‘5‘f[ (m+p)(p—B) ] n=l
The Theorem is completely proved.

Theorem 5.2. Let the function f(z) defined by (1.7) be in the class A’;(a, B). Then f(2) is
p — valently starlike of order 6(0 < 6 < p) in |z| < r,(a, B), where

— _ 1/
2 (a, ﬂ) = inf (P-8)[n(1+a)+(p ﬁ)]B(n)] n’
n

} ] (n+p-8)(-F)
and B(n) is defined by (1.11).
Proof. It is sufficient to prove that

n=1

fo(;)—p| <p-6,0<6<p)
we have
| 2 nag, b
zf(2) | n=1
f(2) ®
1= 2 eyl
n=1
zf'(2) | .
Thus —pl< p-—-6if
f@ P|I=?

(5.1)

(5.2)
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c (n+p— 6)a
L -9
but by theorem 2.1, above inequality hold true if

{(p 5 )[n(1+a)+(p ﬁ)B(n)} Yn > 1
(n+p—8)P—B) T

Pz <1,

lz| <

or

1
J@=8)n(1+a)+ @ -PIBM] ™

2(@f) lsf[ m+p—8@-B) ] m=l

The Theorem is completely proved.

Corollary 1. Let the function f(z) defined by (1.7) be in the class A% (a, B). Then f(2) is

p — valently convex of order §(0 < § < p) in |z| < r3(a, B), where

1
. 14 (p—ﬁ)[n(1+a)+(p- B)1B(n) n

= >

r3(a, B) ngf[ i s D)) n=1 (5.3)

and B(n) is defined by (1.11).

VI.  Fractional integral operator
The following definition given by Srivastava and Owa [2] are required to prove the results in this section:
Definition 1. The fractional derivative of order « for a function f(z) is defined by

d rz f()
Dif(z )—r(1 — whas t)adt <a<l, (6.1)

where the function f(z) is analytic in simply-connected region of the z -plane containing the origin and
multiplicity of (z — t)~% is removed by requiring log(z — t) to be real when (z —t) > 0.
Definition 2. The fractional integral of order « is defined , for a analytic function f(z) by

—a z_f®
f()_% 0 oo dtia>0, (6.2)

where the analytlc function f(z) is in a simply-connected region of the z -plane containing the origin and
multiplicity of (z — t)*~! is removed by requiring log(z — t) to be real when (z — t) >0.

Definition 3. By the hypothesis of definition 1, the fractional derivative of function f(z) for order k + a
is defined by

k
it f(z) = =2 DEf(2), 0< a < Lk € N). (6.3)
We also need the following definition of fractional integral operator given by Srivastava, Saigo and Owa [3]
defined as
Definition 4. The fractlonal operator 1,," for real numbers > 0, n and 6 is defined by

157 F() =5 f 2 - 0oF (a+n-6; a;1-1) f(o)dt, (6.4)
where the functlon f(2) is analytic in simply-connected region of the z -plane containing the origin with order
f(z)=0(z[®) ,z—> 0and e > max (0,n —6) — 1,
(@ (b)y 2"
(@ n
where (a),, is the Pochhammer symbol and multiplicity of (z — t)*~! is removed by requiring log(z — t) to be

real when (z — t) > 0.

Lemmal. Ifa > 0andn >n— 4§ —1,then
amn,s _ I'(n+1)T(n—n+6+1) _
IO'Z "= I'(n—n+1) T'(n+a+5+1) z". (65)
Theorem 6.1. Let f(z) defined by (1.7) be in the class A% (a, B) for @ > 0,7 < 2, then

,0
167" f(@)] 2
[(p+1)T(p—n+5+1) |z|p~n (1_ (p+1) (p—B)(p+1-n+8) I'(c+k) F(b)l |) (6.6)
T(p—n+1) [(pta+o+1) 1=+ 1+at+s )p+1+a—F) a TG+ T(C) '

ar](S

oF (a,b;c;z) =

and
157 f ()] <
I(p+1)T(p—n+5+1) |z[p—n (1 (p+1) (p—B)(p+1-n+5) I'(c+k) T(b) | |) 6.7)
I'(p-n+1) T'(p+a+5+1) (p+1-n)@p+1+a+§ ) p+1+a—p) al'(b+k) T'(c) '
Proof. By using lemma 1, we get

0H15 I'(p+1) T(p—n+6+1) p-n _ Z I'(n+p+1) T(n+p—n+5+1) n+p-n
f( )= r(p-n+1) I'p+a+s+1) C(n+p-n+1) T(n+p+a+5+1) Anyp Z (6.8)
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I'p—n+1) Tlp+a+d6+1)

n an,s
T+ DIGp-n+s+1n 2 lo f@)

Z

_ Zp_z 'h+p+DTn+p—n+6+1) Tp-n+1) F(p+a+6+1)a i
LiTn+p-n+1) Ih+p+a+s+1) TE+DI-n+5+1) np ’
let
Ip—n+1) Tp+a+8+1) ., s C
H(z) = n [&m = p_z n+p .
(Z) r(p+1) r(p_n+6+1) z 0,z f(Z) z L h(n) an+p z (6 9)
where

'n+p+DIn+p—n+6+1) T'(p—n+1) Tp+a+d+1)
'n+p—n+1) Tn+p+a+d6+1) Tp+DI(p-n+d6+1)
p+D,p+1-n+0),
= ,(n =1), 6.10
@P+1-m,p+1+a+d), o =1) (610

h(n) =

we can see that h(n) is decreasing for n > 1, thus we get

(p+D1 (p+1-n+6)1 (p+1) (p+1-n+6)
< = =
0 <h(m = h(1) (p+1-n)1(p+1+a+6)1  (p+1-n) (p+1+a+6) (6'11)

now, by using equation (2.1) and (6.11 ) in (6.9), then we get

H)| 2 12 = hOI* Y 4, 21

n=1
@P+D@-PHP+1-n+0d) I'(c+ k) T'(b)
IH@I = 12l (1_ +rl-nNp+ita+td)p+tita—BRall+k)I(c) 'Z')'
and
|H@Z)| < |zI +h(1)|z|1+PZ Anip M = 1,
n=1
P+D)@-PH+1-n+9) I'(c+k) T'(b)
IH@I < 'Z'p(” PFl-Mo+titat)p+ita—parb+OIQ 'Z')'

therefore,

I'p+ DT (p—-n+6+1) L (1
I'p—n+1) T'p+a+6+1)
3 P+ @-RPp+1-n+6) ['(c +k) T'(b) Izl)
p+1-—mMp+1l+a+s)p+1+a—-pB)al(d+k)T(c)
an,s I(p+1)T(p—n+5+1) — (p+1) (p—B)(p+1-n+8) I(c+k) T'(b)

<157 f@] < Tp—n+1) [(ptato+D) |z|P~ (1 o+ 1+atd ) (p+14ap) al () 1O |Z|) :
Theorem is completely proved.
Corollary 2. If n = —a = —A in theorem 6.1 and let the function f(z) defined by (1.7) be in the
class A% (e, ). Then we have

_ I'p+1 @+ @-H I'(c+k) T'(b)
0@ 2 oy 1 (1_ G+ 1+Dp+1+A-Palb+hI© 'Zl) (6.12)
and
_ I'p+1 @+ ®-H) I'(c+k) T(b)
o710 = g o (1 G s pg r TG et M) €

Corollary 3. If n = —a = A in theorem 6.1 and let the function f(z) defined by (1.7) be in the
class A% (a, B). Then we have

I'p+1 _ @+ ®-H I'(c+k) T'(b)
2@ 2 w3y A (1 TGN +1-A-RaTh T HT© 'Zl) ©.14)
and

I'p+1 _ @+ @-H I'(c+k) T'(b)
P2 @] < F 3 A(” G+1-Dp+1-A-Halk+hI© |Z|>' 615
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