International Refereed Journal of Engineering and Science (IRJES)
ISSN (Online) 2319-183X, (Print) 2319-1821

Volume 2, Issue 4(April 2013), PP.22-28

WWW.irjes.com

Unique Common Fixed Point Theorem for Three Pairs of Weakly
Compatible Mappings Satisfying Generalized Contractive
Condition of Integral Type

'Kavita B. Bajpai, > Manjusha P. Gandhi

Karmavir Dadasaheb Kannamwar College of Engineering, Nagpur, India
Yeshwantrao Chavan College of Engineering, Wanadongri, Nagpur, India

Abstract: We prove some unique common fixed point result for three pairs of weakly compatible mappings
satisfying a generalized contractive condition of Integral type in complete G-metric space.The present theorem
is the improvement and extension of Vishal Gupta and Naveen Mani [5] and many other results existing in
literature.
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I.  Introduction

Generalization of Banach contraction principle in various ways has been studied by many authors.
One may refer Beg I. & Abbas M.[2] , Dutta P.N. & Choudhury B.S.[3] ,Khan M.S., Swaleh M. & Sessa, S.[9],
Rhoades B.E.[12] , Sastry K.P.R. & Babu G.V.R.[13] , Suzuki T.[15] . Alber Ya.l. & Guerre-Delabriere S. [1]
had proved results for weakly contractive mapping in Hilbert space , the same was proved by Rhoades B.E.[12]
in complete metric space.
Jungck G.[6] proved a common fixed point theorem for commuting mappings which is the extension of Banach
contraction principle. Sessa S.[14] introduced the term “Weakly commuting mappings” which was generalized
by Jungck G.[6] as “Compatible mappings”. Pant R.P.[11] coined the notion of “R-weakly commuting
mappings”’, whereas Jungck G.& Rhoades B.E. [8] defined a term called “weakly compatible mappings” in
metric space.
Fisher B. [4] proved an important Common Fixed Point theorem for weakly compatible mapping in complete
metric space.
Mustafa in collaboration with Sims [10] introduced a new notation of generalized metric space called G- metric
space in 2006. He proved many fixed point results for a self mapping in G- metric space under certain
conditions.
Now we give some preliminaries and basic definitions which are used through-out the paper.

Definition 1.1: Let X be a non empty set, and let G: X x X x X — R™ be a function satisfying the
following properties:

(G)) G(x,y,2)=0if x=y=12

(G,) 0<G(x,x,y)forall X,y € X ,with X# Yy

(G;) G(x,x,y) <G(X,Y,2) forallx,y,ze X ,with y # Z

(G,) G(x,Y,2) =G(x,2,y) =G(y,z,X) (Symmetry in all three variables)

(Gs) G(x,¥,2) <G(x,a,a)+G(a,y,z) ,forall X,y,z,ae X (rectangle inequality)

Then the function G is called a generalized metric space, or more specially a G- metric on X, and the pair (X, G)
is called a G—metric space.

Definition 1.2: Let (X,G) be a G - metric space and let {X, }be a sequence of points of X , a point X € X

is said to be the limit of the sequence{X,}, if lim G(X,X,,X,,) =0, and we say that the sequence {X,}
n,m-—+oco

n?'

is G - convergentto X or {X,} G -convergesto X.
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Thus, X, — X in a G - metric space (X,G) if for any >0 there exists k e N such that
G(X,X,,X,,) <€, forall m,n >k

Proposition 1.3: Let (X,G) be a G - metric space. Then the following are equivalent:

i) {X,} is G - convergent to X

i) G(X,,X,,X) >0 as n — +o

iii)G(X,,X,X) >0 as n — +o0

iv)G(X,,X,,X) > 0 as n,m— +oo
Proposition 1.4 : Let (X,G) bea G - metric space. Then forany x,y, z, aiin X it follows that
i) If G(X,Y¥,2)=0 then x=y =12

ii) G(X,Y,2) <G(X, X, ¥)+G(X,X,2)
iii) G(x,Y,Y) <2G(Y,X,X)
iv) G(x,y,2) <G(x,a,2)+G(a, y,2)
V) G(x,y,2) < %(G(x, y,a)+G(x,a,2)+G(aY,2))
vi) G(x,Y,2) <(G(x,a,a) + G(y,a,a) + G(z,a,a))
Definition 1.5: Let (X,G) be a G - metric space. A sequence {X } is called a G - Cauchy sequence if for
any €> 0 there exists K € N such that G(X,,, X, X;) <€ for allm,n,| >k, that is G(X,,, X.,,%,) = 0
as n,m,l — +oo.
Proposition 1.6: Let (X,G) bea G - metric space .Then the following are equivalent:
i ) The sequence {X } is G - Cauchy;
ii ) For any > Othere exists K € N such that G(X, X
Proposition 1.7: A G - metric space (X,G) is called G -complete if every G -Cauchy sequence is G -

n*“m?1 n!“m?

X,,) <€ forall m,n >k

n’“m?

convergentin (X,G).
Proposition 1.8: Let (X, G) be a G- metric space. Then the function G(x, y, z) is jointly continuous in all three of

its variables.
Definition 1.9 : Let f and g be two self — maps on a set X . Maps f and g are said to be commuting if

fgx = gfx , forall X e X
Definition 1.10 : Let f and g be two self —mapsonaset X. If fX = gx , for some X € X then x is called

coincidence point of f and g.
Definition 1.11: Let f and g be two self — maps defined on a set X , then f and g are said to be weakly

compatible if they commute at coincidence points. Thatis if fu = gu for some U e X ,then fgu = gfu.

The main aim of this paper is to prove a unique common fixed point theorem for three pairs of weakly
compatible mappings satisfying Integral type contractive condition in a complete G — metric space.
The result is the extension of the following theorem of Vishal Gupta and Naveen Mani [5].

Il.  Theorem
Let S and T be self compatible maps of a complete metric space (X, d)
satisfying the following conditions

i) S(X)cT(X)
d(Sx,Sy) d(Tx,Ty) d(Tx,Ty)

iy | edt<y [edi-4 [et)t

0
for each X,y € X where iy : [O,+oo) - [O,+oo) is a continuous and non decreasing function and

¢ :[0,400) —[0,+00) is a lower semi continuous and non decreasing function such that (t) = ¢(t) = 0 if
and only if t=0 also ¢: [0""00) d [0,+OO) is a “Lebesgue-integrable function” which is summable on each
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compact subset of R™ , nonnegative, and such that for each €>0, I(p(t) dt>0. Then S and T have a
0
unique common fixed point.

1. MAIN RESULT
Theorem 2.1 : Let (X,G) be a complete G-metric space and L,M,N,P,Q,R: X — X
be mappings such that
i) L(X)cP(X), M(X)xcQ(X) , N(X)c=R(X)

G(Lx,My,Nz) G(Px,Qy,Rz) G(Px,Qy,Rz)
i) e:{ [f® dt}sg{ [t dt}—ﬂ{ [f® dt} --------------------- @11

forall X,y,ze X where &: [0, oo)—) [0, oo) is a continuous and non-decreasing function ,
n: [0, oo) - [O, oo) is a lower semi continuous and non-decreasing function such that
E(t)=n(t)=0 ifand onlyif t=0 also f:[0,00)—>[0,00) isa Lebesgue integrable function

which is summable on each compact subset of R, non negative and such that for each >0 ,

j f(t)dt>0

0

i) The pairs (L,P) , (M,Q) , (N,R) are weakly compatible.
Then L,M,N,P,Q,R have a unique common fixed point in X.

Proof : Let X, be an arbitrary point of X and define the sequence {Xn} in X such that
yn = LXn = I:)Xn+l ! yn+1 = I\/lxn+1 = an+2 ' yn+2 = NXn+2 = RXn+3

G (YniYni1:Yne2) G (LXn ,Mxp,1,NX,,2)
Consider , 5{ j f (1) dt}:g{ j f (1) dt}

0 0
G(Px; QX1 R¥q12) G (P Q%41 RXq.12)
sg{ jf(t)dt}—n{ jf(t)dt}
0 0
G(Yn1:Yn+Yns1) G(Yn1:Yn+Yns1)
=§{ j f(t)dt }—n{ j f(t)dt} -------------- 2.1.2)
0 0

G(Yn-1:Yn Yne1)
sg{ j f(t) dt}

0
Since & is continuous and has a monotone property ,

G(Yn:Yns1:Yne2) G(Yn1:Yn+Yne)
f(t)dt < j (01 [ —— (2.1.3)
0 0
G(Yn:Yns1:Yne2)
Let us take &, = _[ f (t)dt , then it follows that O, is monotone decreasing and lower bounded sequence
0
of numbers.

Therefore there exists K >0 such that 5, — K as n — co. Suppose that kK >0
Taking limit as N —ooon both sides of (2.1.2) and using that 77 is lower semi continuous , we get ,
E(k) <&(k)—n(k) < &(Kk), which is a contradiction. Hence kK =0,

G(Yn Yni1:Yne2)

This implies that 5, —> 0as N —>o0 i.e. j f)dt>0asn—ooo (2.1.9)
0
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Now , we prove that {yn} is a G- Cauchy sequence. On the contrary , suppose it is not a
G- Cauchy sequence.
There exists > 0and subsequences {ym(i)} and {yn(i)} such that for each positive integer i , N(i) is

minimal in the sense that, G(yn(i), Yin(iy ym(i))ZE and G(yn(i—l)’ Yin(iy ym(i))<e
Now, €< G(yn(i)’ Yy Y )S G(yn(i)’ Y-y » Ym(i- )"‘ G(ym(i—l)! Yim(iy» ym(i))

<€ +G(ym(i—1)’ Yingiy» ym(i)) """""""" (2.1.9)
€ G (Yn(iy Ym(iyYm(iy) €+G (Ym(i-)Ym(i) Ym(i))
Let O<c :jf(t)dts j f(t)dt< jf(t)dt
0 0 0
G(yn(i)vym(i)vym(i))
Taking | — o0, and using (2.1.4) , we get , !En J. fdt=a ------------- (2.1.6)
0

Now , using rectangular inequality , we have

G(yn(i)’ ym(i)’ ym(i) )S G(yn(i)’ yn(i—l)' yn(i—l) )+ G(yn(i—l)' ym(i—l)’ ym(i—l) )+ G(ym(i—l)’ ym(i)1 ym(i)) -
(2.1.7)

G(yn(i—l) ) ym(i—l) ) ym(i—l) )S G(yn(i—l) ) yn(i) ) yn(i) )"‘ G(yn(i) ) ym(i) ) ym(i) )"‘ G(ym(i) ) ym(i—l) ) ym(i—l) )

(2.1.8)
G(yn(i)rym(i)ym(i)) G<yn(i)vyn(ifl)vyn(i—l))'*'G(Yn(i)vym(ifl)vym(ifl))+G(ym(ifl)vym(i)va(i))
jf(t) dt< J.f(t)dt
0 0
G(yn(i—l)vym(i—l)vym(i—l)) G(yn(i—l)vYn(i)vyn(i))+G(Yn(i)vym(i)vym(i))+G(ym(i)VYm(ifl)vym(ifl))
and j f(t)dt< j f (t)dt
0 0
Taking limit as | — oo and using (2.1.4) , (2.1.6) we get
G(yn(i—l)iym(i—l)'ym(ifl)) G<yn(i—1)'ym(i—1)!ym(i—l)
ft)dt<a< jf(t)dt
0 0
G(yn(i—l)!ym(ifl)VYm(i—l))
This implies that , lim I ft)dt=c 2.1.9)
—0

0
Now , from (2.1.1) , we have ,

G()’n(i)me(i)me(i)) G(yn(ifl)'ym(ifl)!ym(ifl)) G(yn(i—l)!ym(i—l)'ym(i—l))
g{ j f(t) dt}sg{ j f(t) dt}—n{ j f(t) dt}

0 0 0
.. Taking limitas i — oo and using (2.1.6) , (2.1.8) we will have , (@) < (@) —n(a) < (@)
which is a contradiction. Hence we have ¢ =0 .
Hence {yn} is a G- Cauchy sequence. Since (X,G) is a complete G-metric space , there exists a point

ue X suchthat limy, =u

n—o0

ie. limLx, =limPx ,=u, limMx , = rI£7010Qx

nN—o0 N—o0 nN—o0

u, limNx,, =limRx, ,=u
n—o

n+2
n—o0

As LX, —> U and PX_,, — U , therefore we can find some h e X suchthat Qh=u.
G(Lx,,Mh,Mh) G(Lxy,Mh,Nx,,;) G(Px,,Qh,Rx;,1) G(Px,,Qh,Rx;,1)
g{ _[f(t)dt}gf{ jf(t)dt}sg{ If(t)dt}—n{ If(t)dt}
0 0 0 0

G(u,Mh,Mh)

On taking limitas N — oo , we get, 5{ I f(t) dt}ﬁf(O) -n(0)

0
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G(u,Mh,Mh)
" 5{ I f(t) dt}:O , which implies that Mh=u.
0

Hence Mh=Qh=u i.e. h isthe point of coincidence of M and Q.

Since the pair of maps M and Q are weakly compatible, we writt MQh=QMh i.e. Mu=Qu.
Also, MX.,, =>U and QX ,, = U, .. we can find some V€ X suchthat Pv=u.

G(LV'MXHA!MXﬂﬂ) G(LV'MXH+1!NXn+2) G(PV'QXMSL’RXMZ) G(PV'QXHA!RXMZ)
: g{ j f(t) dt}sf{ j f(t) dt}s 5{ j f(t) dt}—n{ j f (t) dt}
0 0 0 0
G(Lv,uu)

On taking limitas n — oo , we get , { J- f(t) dt}<§(0) n(0)

G(Lv,u,u)
" 5{ J'f(t) dt}:O, which implies that Lv=u. Hence we have Lv=Pv =uU i.e. v is the point of
0

coincidence of L and P. Since the pair of maps L and P are weakly compatible , we can write LPv=PLV i.e.
Lu=Pu.
Again, NX,,, = U and RX,,,; —> U, therefore we can find some We X such that Rw=u.

G(Lxy,Mxy,1,Nw) G(Px,,Q%y.1,RW) G(Px,,Q%,,1,RW)
: g{ j f (t) dt}sf{ j f (t) dt}-n{ j f(t) dt}
0

G(u,u,Nw)

On taking limitas N — oo , we get , { If(t) dt}<§(0) n(0)

G(u,u,Nw)
ie. (f{ If(t)dt}:O , which implies that Nw=u.
0

Thus we get NwW=Rw=U i.e. wis the coincidence point of N andR.

Since the pair of maps N and R are weakly compatible , we have NRw = RNw i.e. Nu=Ru
Now , we show that u is the fixed point of L.

Consider | g{G(LT%U)(t)dt}:g{G(Lu'Th%NEvt))dt}sg{e(wfh:?t))dt}-n{e(mfh:?t))dt}
{G Lujufu(t) dt}<§{6 Lujufu(t) dt} { (LujufU)(t) dt}

e §{G(LTUfU)(t)dt}S§{ Lujufu(t)dt} { Lujufu(t)olt}

e g{e Lujufu(t)dt}<§{G(LT%U)(t)dt} which is a contradiction. . we get Lu =U

. Lu=Pu=u ie. u isfixed pointof L and P.
Now , we prove that u is fixed point of M.

G(u,u,Mu) G(Lu,Mu,Nw) G(Pu,Qu,Rw) G(Pu,Qu,Rw)
Consider , g{ jf(t)dt}:g{ jf(t)dt}sg{ If(t)dt}—n{ jf(t)dt}

. g{G(UTWt)dt}sg{e(u'fufuét)dt} { U_Fufu(t)dt}
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G(u,u,Mu) G(u,u,Mu)
ie. 5{ I f(t) dt}<§{ J f(t) dt} , which is a contradiction. .. we get Mu =u
0 0

Hence Mu=QuU =U i.e. uis fixed point of M and Q.
At last we prove that u is fixed point of N.

G(u,u,Nu) G(Lu,Mu,Nu) G(Pu,Qu,Ru) G(Pu,Qu,Ru)
Consider , g{ jf(t)dt}:g{ If(t)dt}se;{ jf(t)dt}-n{ If(t)dt}
G(u,u,Nu) u,u,Ru G(u,u,Ru)
e, g{ j f(t)dt}sff{ j f(t)dt} { j f(t)dt}

G(u,u,Nu G(u,u,Ru) u,u,Nu G(u,u,Nu)
e, g{ jf(t)dt}<§{ jf(t)dt},wmch means g{ jf(t)dt}<§{ jf(t)dt} as Nu=Ru.

Which implies that Nu=u. Hencewe get Nu=Ru=u.
i.e. u isfixed pointof N and R.

Thus u is the common fixed pointof L,M,N,P,Q and R.
Now , we prove that u is the unique common fixed point of L, M, N, P,Q and R.
If possible, let us assume that g is another fixed point of L, M, N, P,Q and R.

{ | j f ® dt} {G(LU'TU%N&)) dt}s gr(m fufth)) dt}—n{e(m Tu'fth)) dt}

= g{e(ujy?)(t) dt} { ufu ;‘l (t) dt}

uu,u) uu,u)
ie. cf{ I f(t) dt}<§{ I f(t) dt} , which is again a contradiction.

Hence flnaIIy we will have U= .
Thus u is the unique common fixed point of L,M,N,P,Q and R.

Corollary 22: Let (X,G) be a complete G-metric space and L,M,N,P:X — X
be mappings such that

) L(X)cP(X), M(X)cP(X), N(X)cP(X)
G(Lx,My,Nz) G(Px,Py,Pz) G(Px,Py,Pz)
5{ j f(t) dt}&f{ j f(t) dt}—n{ j f(t) dt}
0 0 0
forall X,Y,Z e X where & [0, oo)—) [O, oo) is a continuous and non-decreasing function ,
n: [0, oo) — [O, oo) is a lower semi continuous and non-decreasing function such that

E(t)=n(t)=0 ifand onlyif t=0 also f :[0, ) — [0,0) is a Lebesgue integrable function

which is summable on each compact subset of R, non negative and such that for each €> 0 ,

j f(t)dt>0

0

i) The pairs (L,P) , (M,P) , (N, P) are weakly compatible.
Then L,M,N,P have a unique common fixed point in X.

Proof : By taking P = Q = R in Theorem 2.1 we get the proof.

Corollary 2.3: Let (X,G) be a complete G-metric space and L, P: X — X be
mappings such that
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i)

L(X) < P(X)

G(Lx,Ly,Lz) G(Px,Py,Pz) G(Px,Py,Pz)

iy & jf(t)dtsz; jf(t)dt-n jf(t)dt

forall X,Y,Z e X where & [O, oo)—) [O, oo) is a continuous and non-decreasing function ,

n: [0, oo) - [O, oo) is a lower semi continuous and non-decreasing function such that

s(t) =

n(t)=0 ifand onlyif t=0,also f :[0,00)— [0,0) isa Lebesgue integrable function

which is summable on each compact subset of R™, non negative and such that for each €> 0 ,

jf(t)dt>0

iii) The pair (L, P) is weakly compatible.

Then L, P have a unique common fixed point in X.

Proof: By substituting L =M = N and P = Q = R in Theorem 2.1 we get the proof.
Remark: The Corollary 2.3 is the result proved by Vishal Gupta and Naveen Mani [5] in complete metric

space.
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