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Abstract: We prove some unique common fixed point result for three pairs of weakly compatible mappings 
satisfying a generalized contractive condition of Integral type in complete G-metric space.The present theorem 

is the improvement and extension of Vishal Gupta and Naveen Mani [5] and many other results existing in 

literature. 
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I. Introduction 
 Generalization of  Banach contraction principle in various ways  has been studied by  many authors. 

One may refer Beg I. & Abbas M.[2] , Dutta P.N. & Choudhury B.S.[3] ,Khan M.S., Swaleh M. & Sessa, S.[9] , 

Rhoades B.E.[12] , Sastry K.P.R. & Babu G.V.R.[13] , Suzuki T.[15] . Alber Ya.I. & Guerre-Delabriere S. [1] 

had proved results for weakly contractive mapping in Hilbert space , the same was proved by Rhoades B.E.[12] 

in complete metric space. 

Jungck G.[6] proved a common fixed point theorem for commuting mappings which is the extension of Banach 

contraction principle. Sessa S.[14] introduced  the term “Weakly commuting mappings” which was generalized 

by Jungck G.[6]  as “Compatible mappings”. Pant R.P.[11] coined the notion of “R-weakly commuting 

mappings”, whereas Jungck G.& Rhoades B.E. [8] defined a term called “weakly compatible mappings” in 

metric space. 

Fisher B. [4] proved an important Common Fixed Point theorem for weakly compatible mapping in complete 
metric space.   

Mustafa in collaboration with Sims [10] introduced a new notation of generalized metric space called G- metric 

space in 2006.  He proved many fixed point results for a self mapping in G- metric space under certain 

conditions. 

Now we give some preliminaries and basic definitions which are used through-out the paper. 

 

Definition 1.1: Let X be a non empty set, and let 
 RXXXG :  be a function satisfying the 

following properties: 

)( 1G  0),,( zyxG  if  zyx   

)( 2G ),,(0 yxxG for all Xyx , ,with  yx   

)( 3G  ),,(),,( zyxGyxxG   for all Xzyx ,, , with zy   

)( 4G  ),,(),,(),,( xzyGyzxGzyxG 
   

(Symmetry in all three variables) 

)( 5G  ),,(),,(),,( zyaGaaxGzyxG   , for all Xazyx ,,,    (rectangle inequality) 

Then the function G is called a generalized metric space, or more specially a G- metric on X, and the pair (X, G) 

is called a G−metric space. 

 

Definition 1.2: Let ),( GX  be a G - metric space and let }{ nx be a sequence of points of X , a point Xx

is said to be the limit of the sequence }{ nx , if  0),,(lim
,




mn
mn

xxxG , and we say that the sequence }{ nx  

is G - convergent to x  or  }{ nx  G -converges to x .  
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Thus, xxn   in a G - metric space ),( GX  if for any 0  there exists Nk   such that 

),,( mn xxxG  , for all knm ,
 

Proposition 1.3: Let ),( GX  be a G - metric space. Then the following are equivalent: 

 i ) }{ nx  is G - convergent to x  

ii ) 0),,( xxxG nn  as n  

iii ) 0),,( xxxG n  as n  

iv ) 0),,( xxxG mn  as  mn,  

Proposition 1.4 : Let ),( GX  be a G - metric space. Then for any x , y , z , a in X  it follows that  

i) If 0),,( zyxG   then zyx   

ii) ),,(),,(),,( zxxGyxxGzyxG   

iii) ),,(2),,( xxyGyyxG   

iv) ),,(),,(),,( zyaGzaxGzyxG   

v)  ),,(),,(),,(
3

2),,( zyaGzaxGayxGzyxG   

vi)  ),,(),,(),,(),,( aazGaayGaaxGzyxG   

Definition 1.5: Let ),( GX  be a G - metric space. A sequence }{ nx  is called a G - Cauchy sequence if for 

any 0  there exists Nk   such that  ),,( lmn xxxG  for all klnm ,, , that is 0),,( lmn xxxG  

as  .,, lmn
 

Proposition 1.6: Let ),( GX  be a G - metric space .Then the following are equivalent: 

  i ) The sequence }{ nx  is G - Cauchy; 

  ii ) For any 0 there exists Nk   such that ),,( mmn xxxG  for all knm ,  

Proposition 1.7: A G - metric space  ),( GX  is called G -complete if every G -Cauchy sequence is G -

convergent in ),( GX . 

Proposition 1.8: Let (X, G) be a G- metric space. Then the function G(x, y, z) is jointly continuous in all three of 

its variables. 

Definition 1.9 : Let  f  and g  be two self – maps on a set X . Maps  f  and g  are said to be commuting if 

gfxfgx   , for all Xx  

Definition 1.10 : Let  f  and g  be two self – maps on a set X . If  gxfx   , for some Xx  then x  is called 

coincidence point of f  and g. 

Definition 1.11: Let  f  and g  be two self – maps defined  on a set X  , then  f  and g  are said to be weakly 

compatible if they commute at coincidence points. That is  if  gufu   for some Xu  , then  gfufgu  . 

The main aim of this paper is to prove a unique common fixed point theorem for three pairs of weakly 

compatible mappings satisfying Integral type contractive  condition in a  complete  G – metric  space. 

The result is the extension of the following theorem of Vishal Gupta and Naveen Mani [5]. 

 

II. Theorem 
Let S and T be self compatible maps of a complete metric space (X, d) 

satisfying the following conditions 

i) )()( XTXS   

ii)   

),(

0

),(

0

),(

0

)()()(

TyTxdSySxd TyTxd

dttdttdtt   

for each Xyx ,  where     ,0,0:  is a continuous and non decreasing function and  

    ,0,0:  is a lower semi continuous and non decreasing function such that 0)()(  tt  if 

and only if  0t  also     ,0,0:  is a “Lebesgue-integrable function” which is summable on each 
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compact subset of 
R  , nonnegative, and such that for each 0 , 




0

0)( dtt . Then S and T have a 

unique common fixed point. 

 

III. MAIN RESULT 

Theorem 2.1 : Let ),( GX  be a complete G-metric space and XXRQPNML :,,,,,                                           

be mappings such that    

  i)      )()( XPXL   ,  )()( XQXM   , )()( XRXN                               

 ii)   




























),,(

0

),,(

0

),,(

0

)()()(

RzQyPxGRzQyPxGNzMyLxG

dttfdttfdttf     ---------------------(2.1.1)                                                                                         

for all Xzyx ,,  where     ,0,0:  is a continuous and non-decreasing function ,  

    ,0,0:   is a lower semi continuous and non-decreasing function such that     

0)()(  tt   if and only if  0t  , also      ,0,0:f  is a Lebesgue integrable function  

which is summable on each compact subset of  
R , non negative and such that for each 0  , 





0

0)( dttf    

iii) The pairs  ),( PL  ,  ),( QM  , ),( RN  are weakly compatible.  

Then  RQPNML ,,,,,  have a unique common fixed point in X. 

Proof : Let 0x  be an arbitrary point of X and define the sequence  nx  in X such that  

                 1 nnn PxLxy  ,  211   nnn QxMxy  ,  322   nnn RxNxy  

Consider ,  


























 ),,(

0

),,(

0

2121

)()(
nnnnnn NxMxLxGyyyG

dttfdttf    

                                                    

























 
 ),,(

0

),,(

0

2121

)()(
nnnnnn RxQxPxGRxQxPxG

dttfdttf   

                                                     

























 
 ),,(

0

),,(

0

1111

)()(
nnnnnn yyyGyyyG

dttfdttf     --------------(2.1.2) 

                                                      












 
 ),,(

0

11

)(
nnn yyyG

dttf  

Since   is continuous and has a monotone property ,  

                                      
 



),,(

0

),,(

0

21 11

)()(
nnn nnnyyyG yyyG

dttfdttf        ------------------(2.1.3) 

Let us take 




),,(

0

21

)(
nnn yyyG

n dttf  , then it follows that n  is monotone decreasing and lower bounded sequence 

of numbers. 

Therefore there exists 0k  such that kn   as n . Suppose that 0k  

Taking limit as n on both sides of  (2.1.2) and using that    is lower semi continuous , we get , 

)()()( kkk   )(k , which is a contradiction.  Hence 0k . 

This implies that 0n as n   i.e.  




),,(

0

21

0)(
nnn yyyG

dttf  as n .----------------(2.1.4) 
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Now , we prove that  ny  is a G- Cauchy sequence. On the contrary , suppose it is not a  

G- Cauchy sequence. 

   There exists 0 and subsequences  
)(imy  and  

)(iny  such that for each positive integer i , )(in is 

minimal in the sense that ,  )()()( ,, imimin yyyG  and   )()()1( ,, imimin yyyG  

Now ,      
)()()1()1()1()()()()( ,,,,,, imimimimiminimimin yyyGyyyGyyyG    

                                               
)()()1( ,, imimim yyyG                     ----------------(2.1.5) 

Let  0    
  


0

),,(

0

),,(

0

)()()( )()()1(

)()()(
imimin imimimyyyG yyyG

dttfdttfdttf  

Taking i , and using (2.1.4) , we get , 

 

 


)()()( ,,

0

)(lim
imimin yyyG

i
dttf       -------------(2.1.6) 

Now , using rectangular inequality , we have 

       
)()()1()1()1()1()1()1()()()()( ,,,,,,,, imimimimimininininimimin yyyGyyyGyyyGyyyG   ----

(2.1.7) 

       
)1()1()()()()()()()1()1()1()1( ,,,,,,,,   imimimimimininininimimin yyyGyyyGyyyGyyyG ----

(2.1.8) 

  

       


 


)()()1()1()1()()1()1()()()()( ,,,,,,

0

,

0

)()(
imimimimimininininimimin yyyGyyyGyyyGyyyG

dttfdttf  

and  

      

 
  


)1()1()1( )1()1()()()()()()()1(,,

0

,,,,,,

0

)()(
imimin imimimimimininininyyyG yyyGyyyGyyyG

dttfdttf  

Taking limit as i and using (2.1.4) ,  (2.1.6) we get  
  

 
 


)1()1()1( )1()1()1(,,

0

,,

0

)()(
imimin imiminyyyG yyyG

dttfdttf    

This implies that  ,  

 







)1()1()1( ,,

0

)(lim
imimin yyyG

i
dttf                           ----------------------(2.1.9) 

Now , from (2.1.1) , we have ,  
     








































 )1()1()1()1()1()1()()()( ,,

0

,,

0

,,

0

)()()(
imiminimiminimimin yyyGyyyGyyyG

dttfdttfdttf   

 Taking limit as i  and using (2.1.6) , (2.1.8) we will have , )()()()(    

which is a contradiction. Hence we have 0 . 

Hence  ny  is a G- Cauchy sequence. Since ),( GX  is a complete G-metric space , there exists a point 

Xu  such that  uyn
n




lim  

i.e.  uPxLx n
n

n
n

 


1limlim  ,  uQxMx n
n

n
n

 





21 limlim  ,  uRxNx n
n

n
n

 





32 limlim  

As uLxn   and uPxn 1  , therefore we can find some Xh  such that uQh  . 

  

       





















































 111 ,,

0

,,

0

,,

0

,,

0

)()()()(
nnnnnnn RxQhPxGRxQhPxGNxMhLxGMhMhLxG

dttfdttfdttfdttf   

On taking limit as  n  , we get , 

 

)0()0()(

,,

0

 









MhMhuG

dttf  
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  

 

0)(

,,

0











MhMhuG

dttf  , which implies that uMh  . 

Hence  uQhMh   i.e.  h  is the point of coincidence of  M  and Q. 

Since the pair of maps M and Q are weakly compatible ,  we write  QMhMQh  i.e. QuMu  . 

Also ,  uMxn 1  and  uQxn 2 ,  we can find some Xv  such that uPv  . 

  

       





















































 21212111 ,,

0

,,

0

,,

0

,,

0

)()()()(
nnnnnnnn RxQxPvGRxQxPvGNxMxLvGMxMxLvG

dttfdttfdttfdttf   

On taking limit as n  , we get ,  

 

)0()0()(

,,

0

 









uuLvG

dttf  

  

 

0)(

,,

0











uuLvG

dttf , which implies that uLv  . Hence we have uPvLv   i.e. v is the point of 

coincidence of  L and P. Since the pair of maps L and P are weakly compatible , we can write PLvLPv   i.e.  

PuLu  . 

Again ,  uNxn 2  and uRxn 3 , therefore we can find some Xw  such that uRw  . 

  

     








































 RwQxPxGRwQxPxGNwMxLxG nnnnnn

dttfdttfdttf

,,

0

,,

0

,,

0

111

)()()(   

On taking limit as n  , we get ,  

 

)0()0()(

,,

0

 









NwuuG

dttf  

i.e.  

 

0)(

,,

0











NwuuG

dttf  , which implies that  uNw  . 

Thus we get  uRwNw   i.e. w is the coincidence point of  N  and R. 

Since the pair of maps N  and R are weakly compatible ,  we have RNwNRw   i.e. RuNu   

Now , we show that u is the fixed point of  L. 

Consider , 

       





































RwQhPuGRwQhPuGNwMhLuGuuLuG

dttfdttfdttfdttf

,,

0

,,

0

,,

0

,,

0

)()()()(   

  

     




























uuLuGuuLuGuuLuG

dttfdttfdttf

,,

0

,,

0

,,

0

)()()(   

i.e.  

     




























uuLuGuuLuGuuLuG

dttfdttfdttf

,,

0

,,

0

,,

0

)()()(   

i.e.  

   



















uuLuGuuLuG

dttfdttf

,,

0

,,

0

)()(   , which is a contradiction.  we get  uLu   

 uPuLu   i.e.  u  is fixed point of  L  and  P. 

Now , we prove that u is fixed point of  M . 

Consider ,  

       





































RwQuPuGRwQuPuGNwMuLuGMuuuG

dttfdttfdttfdttf

,,

0

,,

0

,,

0

,,

0

)()()()(   

  

     




























uMuuGuMuuGMuuuG

dttfdttfdttf

,,

0

,,

0

,,

0

)()()(   
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i.e.  

   



















MuuuGMuuuG

dttfdttf

,,

0

,,

0

)()(  , which is a contradiction.  we get uMu   

Hence uQuMu   i.e.  u is fixed point of  M and Q. 

At last we prove that u  is fixed point of  N. 

Consider ,  

       





































RuQuPuGRuQuPuGNuMuLuGNuuuG

dttfdttfdttfdttf

,,

0

,,

0

,,

0

,,

0

)()()()(   

i.e.  

     




























RuuuGRuuuGNuuuG

dttfdttfdttf

,,

0

,,

0

,,

0

)()()(   

i.e.  

   



















RuuuGNuuuG

dttfdttf

,,

0

,,

0

)()(  , which means  

   



















NuuuGNuuuG

dttfdttf

,,

0

,,

0

)()(   as RuNu  . 

Which implies  that uNu  . Hence we get  uRuNu  . 

i.e.  u  is fixed point of  N  and  R . 

Thus u is the common fixed point of  QPNML ,,,,  and  R. 

Now , we  prove that u is the unique common fixed point of QPNML ,,,,  and  R. 

If  possible , let us assume that   is another fixed point of QPNML ,,,,  and  R. 

  

       








































RQuPuGRQuPuGNMuLuGuuG

dttfdttfdttfdttf

,,

0

,,

0

,,

0

,,

0

)()()()(  

                                                          

   


















 



,,

0

,,

0

)()(

uuGuuG

dttfdttf     

i.e.  

   






















,,

0

,,

0

)()(

uuGuuG

dttfdttf ,  which is again a contradiction. 

Hence finally we will have  u . 

Thus u is the unique common fixed point of  QPNML ,,,,  and  R. 

Corollary 2.2: Let ),( GX  be a complete G-metric space and XXPNML :,,,                                           

be mappings such that    

  i)      )()( XPXL   ,  )()( XPXM   , )()( XPXN                               

 ii)    




























),,(

0

),,(

0

),,(

0

)()()(

PzPyPxGPzPyPxGNzMyLxG

dttfdttfdttf                                                                                              

for all Xzyx ,,  where     ,0,0:  is a continuous and non-decreasing function ,  

    ,0,0:   is a lower semi continuous and non-decreasing function such that     

0)()(  tt   if and only if  0t  , also      ,0,0:f  is a Lebesgue integrable function  

which is summable on each compact subset of  
R , non negative and such that for each 0  , 





0

0)( dttf    

iii) The pairs  ),( PL  ,  ),( PM  , ),( PN  are weakly compatible.  

Then  PNML ,,,  have a unique common fixed point in X. 

Proof : By taking RQP   in Theorem 2.1 we get the proof. 

Corollary 2.3: Let ),( GX  be a complete G-metric space and XXPL :,                                           be 

mappings such that    
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  i)      )()( XPXL                          

 ii)    




























),,(

0

),,(

0

),,(

0

)()()(

PzPyPxGPzPyPxGLzLyLxG

dttfdttfdttf                                                                                              

for all Xzyx ,,  where     ,0,0:  is a continuous and non-decreasing function ,  

    ,0,0:   is a lower semi continuous and non-decreasing function such that     

0)()(  tt   if and only if  0t  , also      ,0,0:f  is a Lebesgue integrable function  

which is summable on each compact subset of  
R , non negative and such that for each 0  , 





0

0)( dttf    

iii) The pair  ),( PL is weakly compatible.  

Then  PL,  have a unique common fixed point in X. 

Proof: By substituting NML   and RQP   in Theorem 2.1 we get the proof. 

Remark: The Corollary 2.3 is the result proved by Vishal Gupta and Naveen Mani [5]  in complete metric 

space. 
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